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Full Conditional Distributions

This document provides the full conditional distributions for the models introduced in the paper.
Letting 6 = (u, B, T,w), the posterior distribution is
0,X|Y]  [Y]X,0] [X|6] [6]
= [Y[X,w] [X|8, 7] [B] [w] [7],

assuming independence of the four components within 8. The distribution is not available in closed
form and so we use a Markov chain Monte Carlo algorithm (hybrid Gibbs sampler with Metropolis

steps within Gibbs) to sample from it.

Before providing the full conditional distributions, we first note that for a generic parameter v, the
quantities a¥ and b¥ denote the hyperprior parameters for gamma prior distributions and m?¥ and
V¥ are the hyperprior parameters for normal prior distributions. These hyperparameter parameters

were not introduced in the manuscript for the sake of brevity.

1 The local environment to biomarker (LEB) model

1. For each j and i, we draw augmented data, Y]]ZW *, as follows:

= Yy]zw> ZJJ»‘iJ =0;
v ~ Truncated N (X}, 1/w}) on (—oo0, M}], Zil =1; (1)
~ N, 1/, 7Y =2
2. For the process variable X M , we sample each X ;VI ,j=1...,N M , conditional on the other

process variables { X : k # j} and the other parameters in the model. We have that
[(XHUXR & # g3, BY M Y W]
oo [V WM [XGIXG k£ g, 81 M) T (XX k#0877 (2)

lex;



where x; denotes the columns of the process variable X M that depend on X ;VI in the speci-
fication of the conditional mean 77% (i.e., those [ that belong to SJM ). This conditional mean

7];‘24 is defined as:

m =)+ Z XM (3)

M_(M

where s; = (851,

S%\/ w) is a vector of length N JM (the cardinality of SJM ) containing the
j
columns of the process variable matrix X that affect the mean of the process variable X ;‘/[ .

The expression (2) above is equal to

NI
TT | X wl ) I ! ke # 5y, 830 M T [ W] =k # .80 7] |
=1 lEXj

from which we can see that each X ]J‘Z/[ ,i=1,...,N! can be sampled independently. Now

M|y M M w}! M M2
[Y *’X]zﬂ ] X exp %(Yvﬁ _ij) )

™

POIXR <k #3).8)0 7] o exp<J7<X}f—n%>2>,

and for each [ € j,
M M M M

XXM <1, 8M] o exp< (X~ 5u() - Eli(j))2> | 4)

In (4),
537'(71) = 'U’J + Z s z’
{k:sM £n}

is the conditional mean of X JJ‘Z/[ minus the regression terms that depend on X% , and

eiln) = Y CHS W (5)
{k:s%:n}
is the regression terms that depend on XM. Always, §;;(n) — €ji(n) = 77;‘{[

Rearranging the terms of X the distribution of X M conditional on all other parameters is

jio
N(q/p,1/p), where
2

po= o+t > A Y B

lex; {k:s%:n}



and

¢ = MVA Ml M (XY - aaG) | D B

lex; {k:s%:n}

3. For the regression parameters BM . we sample each ,3;” conditional on the other parameters

in the model. Letting

1 xM
s%l

1 xM
8%2

1 {XS%N,}
L ik i

Nr, <R;1qj’Rj_1> ;

the full conditional distribution of B;-W , 1s

M AT -1 M AT M -1
where R; = 7; AjAj+Zj and g; = 7,7 A} X + 3 m;.

4. For each j, the conditional distribution of the process precision T]M , given the other parameters,

is the gamma distribution,

NI

’TM T]\/I

Ga| aj + N1/2, b +Z(X%—n%)2/2 ,
i=1

where 77% is defined in (3) above.

2 The global to local environment (GLE) model

In this section, we provide the full conditional distributions for the parameters in the GLE models.
Linking global environmental-media variables to local environmental-media variables will change the
full conditional distributions for some of the latent processes and the associated regression coefficients
that were given in the previous section. Specifically, now the full conditional distributions of X %(W)
depends on X", and X n]\f( s) depends on X7 and X . The full conditional distributions for other

media in the LEB model remain unchanged.



2.1 Global water model

1. With the addition of the global water model, we need to change some of the full conditional

distributions in the LEB model for water. For the Water medium we replace equation (1)

with:
_vM ; .
Ny = }/;,m(W)’ if Zz m(W) — =0;
Y mw) ~ Truncated N(X%(W), 1/wn]\f(w)) on (—oo,Mi%(W)], if zM o) = L
M M
~ N(Xi,m(W)’ me(W))’ if ZZ ) = =2
To sample from the conditional distribution of the water process, {X ZMm wy i=1,---,N,

we let ,u%n( W) = = I(¢j = 1)p; W Then X%z(W) is N(qi/pi, 1/p;i), where

M M Wy % M M
Pi = Wiy + Ty and @i = 0T Y )+ T B

for each individual 3.
With the addition of the global water model, the full conditional distribution of the NHEXAS
Water model precision, Tnj‘f’(W), is now

NI

NI w1 v M 2 wm
Ga| = +a™w, = <Xi,m(W) - 'ui,m(W)> +bmtn
i=1

2. The full conditional distributions of the remaining parameters in the global water model de-

pends on the augmented data Y]%V*, defined as follows:

=Y}y, it Zj; = 0;
Vi ~ Truncated N(X}",1/w") on (—oo, M}}], if Z}},=1;
w w e oW _
~ N(X", 1/w™), if Zj = 2.
The full conditional distribution of the PWS measurement-error precision, w", is then
w w NV
oa ZL N IS o

] 1 k=1

3. For the global water model, the full conditional distribution of X}’g for the kth observation

pie =w"V + 7" and ¢ = VY + 7Vl



Next, define X;/V = {X%(W) G = 1} and /; to be the number of elements in X;/V Then,
for each PWS j =1,..., N, the full conditional distribution of the PWS-specific mean ,u;-/v

N(Qj/pja 1/pj)7 with
— NW W 1% M
o ]Vj +C lem(W)

and

J
gG=7"> X} +C"a + M1, XY

The full conditional distribution of the process precision, 7V, is
w w NV
ZN NW N w
e L IS () e
=1 k=1

. For the parameters in the global water-LEB linking model, recall that CZV]V = 1 implies that indi-
vidual 7 is served by PWS j and CZ-VJV = 0 implies that individual 7 is not served by water-system
j. For each individual i = 1,..., N, the full conditional distribution of Ci (Cll A ZNW)
is Multinomial (1, (\* ;) 1, - - s A"¢(s),Nw)) where the probability that individual 7 in country
c(i) is served by PWS j, is

)‘c(i),j n (X%(W) ; N;/Va Tﬁw))
NW ’
Z'{‘:l )‘c(i),r n(X%(W), :u'l/va T,%w))

A (i g

Here, n(X%(W); ,u}/v, Trj‘f(w)) is a normal pdf (with mean ,u}/v and variance I/TTJ‘f(W)) evaluated

at the value of the water process, X Z]\;fﬂ W) for each individual 3.

w

. In the parameters in the global water prior distributions, a" conditional on all the other

parameters is N(q/p,p), where

NW
p=NYC" v and ¢ = [V u +velme
j=1
The full conditional distribution of C%W is
w
N 1y 2
Ga 5 +a", 3 Z (uyv — mo‘w> + "

j=1



2.2 Global soil model

1. With the addition of the global topsoil/stream-sediment model, we need to change some of the

conditional distributions in the LEB model for soil. For the soil medium, we replace equation

(1) with:
—vM .
Ny =Y m(s) if Z} m(s) = 0;
Y, m(s) ~ Truncated N(XZ.]’\;[%(S), 1/w7j‘f(s)) on (—oo, M; m(s)] if ZZ m(s) =1;

2. For parameters appearing in the global topsoil/stream-sediment model, for the topsoil obser-

vation at the sth location:

YT =Y7(s), if ZT(s) = 0;
2

~ N(XT(s),1/0T), if Z7(s)

(there is no censored topsoil data).

The full conditional distribution of the topsoil measurement-error precision, w’, is
NT
NT r 1 » T
Ga| g+ g 00— X (s ¥
1=

3. For parameters appearing in the stream-sediment data model, for the kth observation in jth

HUCS:
Yﬁf* ~ Truncated N(X]H, 1/wHf) on (—oo,MjIﬂ, if 74 x=1
~ N(X, 1/, if ZIf =2.

The full conditional distribution of the stream-sediment measurement-error precision, w?, is

Ga Z —J + Wl 52 Z 24"
j=1 g 1 k=1
4. The full conditional distribution of the topsoil process X7 (s) is N(qs/ps, 1/ps), where

ps=w! +77 and ¢, =715l + ﬂ{Xﬁs)) +wlyT*(s),

for s € D.



The full conditional distribution of the topsoil model precision, 77, is

sE’D

The parameters that appear in the mean function of the topsoil model are 87 = (ﬁo ,BEY.

Letting U = [1‘D|,GDX Jand W = [1yr, ¢T X ] we sample 87 from Nyo(P~'Q, P~1), where
IBT
P=7"UU+1)oWW+V

and

T T
Q=7TUXT + M W xM o+ Vv MP

. The full conditional distribution of the mean of the stream-sediment model, u7, is N (q/p,1/p),

where

p = H].NH(INH ’YHA)].NH +V“H,

and

q= TngvH(INH — ’yHA)XH Lyt

. Recall that for the unknown parameter ¢ T = 1 if NHEXAS individual 7 is located in HUCS8

i)
T

;j S are updated during our MCMC algorithm using the

region 7, and 0 otherwise. These

following scheme:

Sample C%p = ((Zl,--- zNH) ~ Multinomial(l,()\*C(i)71,---,)\*C(i)’NH)’>, fori =1,---,N,

where

PO, (X 8 + BT X[ 7ols)
c(@),j — = |
27]*\[:1 /\c(i),r n(X%(Syﬁg + ﬁ%ﬂXﬁ’ nA7,4(S))

and n(X; ,ﬁo + BFX y S )) is a normal pdf (with mean 81 + ﬁifXjH and variance

1/Tm(s ) evaluated at XM n(s)-

Now define the |D| x N matrix Gp such that the (4,j)th entry Gp(i,7) is 1 if topsoil location
s; falls in jth HUCS, and 0 otherwise. Sample X from N(P~1Q, P~1), where

P=r"Iyu —v"A) + 7" GpGp + 56" ¢T,
and

Q=7"Inr =" A" yn + 7" GR(XT = 53 1p)) + T%(S)C (X s) — 6 Ly1)-



7. The full conditional distribution of the stream-sediment precision, 7, is
H

NH 1
Ga( S+ a7 GO0 i L) (L =AY = L) 07" )

The full conditional distribution of the mean of the stream-sediment model, 7, is N(q/p, 1/p),
where

p=r"u (Iyn — YT A)Lym + V",

and

g =71 (Tyn — 77 A) X 4 v

The full conditional distribution of the spatial-dependence parameter in the stream-sediment

model, v, is proportional to

I yr — AT A2 exp {0577 (X" — p"1yn) (Iyn — " A)XT — p1ym)} x

1
I('VH S ()\mina /\max)) 5

|)\max - /\min|
where Amin, Amax are the smallest and largest eigenvalues of A.
8. With the addition of the global-topsoil /stream-sediment model, the full conditional distribu-
tion of the LEB Soil log As process X%(S), is modified. Now, this distribution is Ny:(P~1Q, P~1),

where

P = wn]‘{(S)INI + Tn]\7,4(S)INI7

and

Q = whiis) Y m(s) + Tongs) (80 Lt + BT ¢T X).

In addition, the full conditional distribution of the local soil process precision, Tn]\f( ) is now

NI M 1 M
Ga<7 +a"mw) 5(Xj‘g(s) -wWaT) (X]s —WB") +b m<s>> .



