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Abstract

Regularization methods allow one to handle a variety of inferential problems

where there are more covariates than cases. This allows one to consider a po-

tentially enormous number of covariates for a problem. We exploit the power of

these techniques, supersaturating models by augmenting the “natural” covari-

ates in the problem with an additional indicator for each case in the data set.

We attach a penalty term for these case-specific indicators which is designed

to produce a desired effect. For regression methods with squared error loss, an

ℓ1 penalty produces a regression which is robust to outliers and high leverage

cases; for quantile regression methods, an ℓ2 penalty decreases the variance of

the fit enough to overcome an increase in bias. The paradigm thus allows us

to robustify procedures which lack robustness and to increase the efficiency of

procedures which are robust.

We provide a general framework for the inclusion of case-specific parameters

in regularization problems, describing the impact on the effective loss for a

variety of regression and classification problems. We outline a computational

strategy by which existing software can be modified to solve the augmented

regularization problem, providing conditions under which such modification will

converge to the optimum solution. We illustrate the benefits of including case-

specific parameters in the context of mean regression and median regression

through simulation and analysis of a linguistic data set.

KEYWORDS: Case indicator; Large margin classifier; LASSO; Leverage point;

Outlier; Penalized method; Quantile regression

1 Introduction

A core part of regression analysis involves the examination and handling of individual
cases (Weisberg; 2005). Traditionally, cases have been removed or downweighted as
outliers or because they exert an overly large influence on the fitted regression surface.
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The mechanism by which they are downweighted or removed is through inclusion of
case-specific indicator variables. For a least-squares fit, inclusion of a case-specific
indicator in the model is equivalent to removing the case from the data set; for
a normal-theory, Bayesian regression analysis, inclusion of a case-specific indicator
with an appropriate prior distribution is equivalent to inflating the variance of the
case and hence downweighting it. The tradition in robust regression is to handle the
case-specific decisions automatically, most often by downweighting outliers according
to an iterative procedure (Huber; 1981).

This idea of introducing case-specific indicators also applies naturally in the con-
text of regularized regression. Model selection criteria such as AIC or BIC take aim
at choosing a model by attaching a penalty for each additional parameter in the
model. These criteria can be applied directly to a larger space of models–namely
those in which the covariates are augmented by a set of case indicators, one for each
case in the data set. When considering inclusion of a case indicator for a large out-
lier, the criterion will judge the trade-off between the empirical risk (here, negative
log-likelihood) and model complexity (here, number of parameters) as favoring the
more complex model. It will include the case indicator in the model, and, with a
least-squares fit, effectively remove the case from the data set. A more considered
approach would allow differential penalties for case-specific indicators and “real” co-
variates. With adjustment, one can essentially recover the familiar t-tests for outliers
(e.g. Weisberg (2005)), either controlling the error rate at the level of the individual
test or controlling the Bonferroni bound on the familywise error rate.

Case-specific indicators can also be used in conjunction with more recent regular-
ization methods such as the LASSO (Tibshirani; 1996). Again, care must be taken
with details of their inclusion. If these new covariates are treated in the same fashion
as the other covariates in the problem, one is making an implicit judgement that
they should be penalized in the same fashion. Alternatively, one can allow a second
parameter that governs the severity of the penalty for the indicators. This penalty
can be set with a view of achieving robustness in the analysis, and it allows one to
tap into a large, extant body of knowledge about robustness (Huber; 1981).

With regression often serving as a motivating theme, a host of methods for regu-
larized model selection and estimation problems have been developed. These methods
range broadly across the field of statistics. In addition to traditional normal-theory
linear regression, we find many methods motivated by a loss which is composed of
a negative log-likelihood and a penalty for model complexity. Among these regular-
ization methods are penalized linear regression methods (e.g. ridge regression (Hoerl
and Kennard; 1970) and the LASSO), regression with a nonparametric mean func-
tion, (e.g. smoothing splines (Wahba; 1990) and generalized additive models (Hastie
and Tibshirani; 1990)), and extension to regression with non-normal error distribu-
tions, namely, generalized linear models (McCullagh and Nelder; 1989). In all of these
cases, we envision adding case-specific indicators along with an appropriate penalty
in order to yield an automated, robust analysis. It should be noted that, in addition
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to a different severity for the penalty term, the case-specific indicators sometimes
require a different form for their penalty term. One can also add these indicators for
inference procedures which are not regularized.

A second class of procedures open to regularization are those motivated by min-
imization of an empirical risk function. While the risk function may be a negative
log-likelihood, it may also be of very different form. Quantile regression (whether
linear or nonlinear) falls into this category, as do modern classification techniques
such as the support vector machine (Vapnik; 1998) and the psi-learner (Shen et al.;
2003). Many of these procedures are designed with the robustness of the analysis in
mind, often operating on an estimand defined to be the population-level minimizer
of the empirical risk. The procedures are consistent across a wide variety of data-
generating mechanisms and hence are asymptotically robust. They have little need of
further robustification. Instead, scope for bettering these procedures lies in improving
their finite sample properties. Interestingly, the finite sample performance of many
procedures in this class can be improved by including case-specific indicators in the
problem, along with an appropriate penalty term for them.

In this paper, we investigate the use of case-specific indicators in regularized prob-
lems. Section 2 provides a more concrete description of the problem than has been
given here, along with a computational algorithm and conditions that ensure the al-
gorithm will obtain the global solution to the regularized problem. Section 3 explains
the methodology for a selection of regression methods, motivating particular forms
for the penalty terms. Section 4 describes how the methodology applies to several
classification schemes. Section 5 gives details of computational implementation for
a robust version of the LASSO. Section 6 contains a simulation study; Section 7 a
worked example. We discuss implications of the work and potential extensions in
Section 8.

2 Robust and Efficient Modeling Procedures

Suppose that we have n pairs of observations denoted by (xi, yi), i = 1, . . . , n, for
statistical modeling and prediction. Here xi = (xi1, . . . , xip)

⊤ with p covariates and
the yi’s are responses. As in the standard setting of regression and classification, the
yi’s are assumed to be conditionally independent given the xi’s. In this paper, we take
modeling of the data as a procedure of finding a functional relationship between xi

and yi, f(x; β) with unknown parameters β ∈ R
p that is consistent with the data. The

discrepancy or lack of fit of f is measured by a loss function L(y, f(x; β)). Consider
a modeling procedure, say, M of finding f which minimizes the empirical risk

Rn(f) =
1

n

n
∑

i=1

L(yi, f(xi; β))
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or its penalized version

Rn(f) + λJ(f) =
1

n

n
∑

i=1

L(yi, f(xi; β)) + λJ(f),

where λ is a positive penalty parameter for balancing the data fit and the model
complexity of f measured by J(f). A variety of common modeling procedures are
subsumed under this formulation, including ordinary linear regression, generalized
linear models, nonparametric regression, and supervised learning techniques. For
brevity of exposition, we identify f with β and view J(f) as a functional depending
on β.

Motivated by the LASSO type ℓ1 norm regularization, we propose a general scheme
to modify the modeling procedure M. First, we introduce case-specific parameters,
γ = (γ1, . . . , γn)

⊤, for the n observations and modify M to be the procedure of finding
the original model parameters, β, together with the case-specific parameters, γ, that
minimize

L(β, γ) =

n
∑

i=1

L(yi, f(xi; β) + γi) + λβJ(f) + λγJ2(γ). (1)

If λβ is zero, M is empirical risk minimization, otherwise it is penalized risk mini-
mization. In general, J2(γ) measures the size of γ. When concerned with robustness,
we often take J2(γ) = ‖γ‖1 =

∑n

i=1 |γi|. A rationale for this choice is that with
added flexibility, the case-specific parameters can curb the undesirable influence of
individual cases on the fitted model. Such a case specific adjustment of the model
would be necessary only for a small number of potential outliers, and the ℓ1 norm
which yields sparsity works to that effect. When concerned with efficiency, we often
take J2(γ) = ‖γ‖2

2 =
∑n

i=1 γ
2
i . This choice has the effect of increasing the impact of

selected, non-outlying cases on the analysis.
In subsequent sections, we will take a few standard statistical methods for re-

gression and classification and illustrate how this general scheme applies. For each
method, particular attention will be paid to the form of adjustment to the loss func-
tion for the penalized case-specific parameters.

2.1 Algorithm for Finding Solutions

Although the computational details for obtaining the solution to (1) are specific to
each modeling procedure M, it is feasible to describe a common computational strat-
egy which is effective for a wide range of procedures. For fixed λβ and λγ, the solution

pair of β̂ and γ̂ to the modified M can be found with little extra computational cost.
A generic algorithm below alternates estimation of β and γ. Given γ̂, minimization
of L(β, γ̂) is done via the original modeling procedure M. Take J2(γ) = ‖γ‖1 as an
example here. Fixing β̂, we seek to minimize L(β̂, γ), which decouples to a minimiza-
tion of L(yi, f(xi; β̂) + γi) + λγ |γi| for each γi. In most cases, an explicit form of the
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minimizer γ̂ of L(β̂, γ) can be obtained. This adjustment is equivalent to changing
the loss from L(y, f(x; β)) to L(y, f(x; β) + γ̂), which we call the γ-adjusted loss of
L. Alternatively, one may view

Lλγ
(y, f(x; β)) := min

γ∈R

{L(y, f(x; β) + γ) + λγ|γ|} = L(y, f(x; β) + γ̂) + λγ |γ̂|

as an “effective loss”. Concrete examples of the adjustments will be given in the next
sections.

These considerations lead to the following iterative algorithm for finding β̂ and γ̂.

1. Initialize γ̂(0) = 0 and β̂(0) = argminβ L(β, 0) (the ordinary M solution).

2. Iteratively alternate the following two steps, m = 0, 1, . . .

• γ̂(m+1) = argminγ L(β̂(m), γ) modifies “residuals”.

• β̂(m+1) = argminβ L(β, γ̂(m+1)). This step amounts to reapplying the M
procedure to γ̂(m+1)-adjusted data although the nature of the data adjust-
ment would largely depend on L.

3. Terminate the iteration when ‖β̂(m+1) − β̂(m)‖2 < ǫ, where ǫ is a prespecified
convergence tolerance.

In a nutshell, the algorithm attempts to find the joint minimizer (β, γ) by com-
bining the minimizers β and γ resulting from the projected subspaces. Convergence
of the iterative updates can be established under appropriate conditions. Before we
state the conditions and results for convergence, we briefly describe implicit assump-
tions on the loss function and the complexity or penalty terms, J(f) and J2(γ).
L(y, f(x; β)) is assumed to be non-negative. For simplicity, we assume that J(f) of
f(x; β) depends on β only, and that it is of the form J(f) = ‖β‖p

p and J2(γ) = ‖γ‖p
p

for p ≥ 1. The LASSO penalty has p = 1 while a ridge regression type penalty sets
p = 2. Many other penalties of this format for J(f) can be adopted as well to achieve
better model selection properties or certain desirable performance of M. Examples
include those for the elastic net (Zou and Hastie; 2005), the grouped LASSO (Yuan
and Lin; 2006), and the hierarchical LASSO.

For certain combinations of the loss L and the penalty functionals, J(f) and J2(γ),
more efficient computational algorithms can be devised, as in Hastie et al. (2004);
Efron et al. (2004); Rosset and Zhu (2007). However, in an attempt to provide a
general computational recipe applicable to a variety of modeling procedures which
can be implemented with simple modification of existing routines, we do not pursue
the optimal implementation tailored to a specific procedure in this paper.
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2.2 Convergence

Convexity of the loss and penalty terms plays a primary role in characterizing the
solutions of the iterative algorithm. For a general reference to properties of convex
functions and convex optimization, see Rockafellar (1997). First, we ensure that the
minimizer pair (β, γ) in each step is properly defined.

Lemma 1. Suppose that L(β, γ) in (1) is continuous and strictly convex in β and γ
for fixed λβ and λγ. Given γ, there exists a unique minimizer β(γ) = argminβ L(β, γ),
and vice versa.

Proof. Given γ, choose an arbitrary β0 ∈ R
p and consider Aβ := {β ∈ R

p | L(β, γ) ≤
L(β0, γ)}. By the continuity of L, Aβ is closed. For a fixed λβ > 0, it is bounded
because it is contained in the ℓp ball of {β ∈ R

p | ‖β‖p
p ≤ L(β0, γ)/λβ}. Thus,

there exists β in the compact set Aβ attaining the minimum. Uniqueness follows
from the strict convexity of L. Similarly, given β, there exists a unique minimizer
γ(β) = argminγ L(β, γ). �

Remark The assumption that L(β, γ) is strictly convex holds if the loss L(y, f(x; β))
itself is strictly convex. Also, it is satisfied when a convex L(y, f(x; β)) is combined
with J(f) and J2(γ) strictly convex in β and γ, respectively.

Lemma 2. Under the same condition as Lemma 1, let h : R
p+n → R

p+n be the
mapping of (β, γ) to its one-step update (β1, γ1) by the iterative algorithm. Then, h
is continuous.

Proof. By the iterative strategy, (β1, γ1) depends on β only, and β1 is a composite
mapping of β to β1. So, it is sufficient to show that the mappings of β to γ1 and
γ1 to β1 are continuous. Although the former, finding γ1 given β, is a much simpler
optimization than the latter in general for an array of L(β, γ)’s of practical interest,
by the symmetry in the problem, we will show only that the mapping of γ1 to β1

is continuous. Dropping the superscript for notational simplicity, consider g(γ) =
infβ L(β, γ). Since L(β, γ) is convex, g is convex in γ (see, for example, Rockafellar
(1997), p.38) and thus continuous. For any sequence, {γn}

∞
n=1 converging to γ, we

want to show that the corresponding sequence of β minimizers, {β(γn)}
∞
n=1, converges

to β̄ := β(γ).
As g is continuous, for ǫ > 0, there is N such that n ≥ N implies g(γn) ≤ g(γ)+ ǫ,

that is, L(β(γn), γn) ≤ L(β̄, γ)+ ǫ. Let M := max{maxn=1,...,N L(β(γn), γn), L(β̄, γ)+
ǫ} and A := {(β, γ) | L(β, γ) ≤M}. Note that A is closed and bounded for fixed λβ

and λγ, and it contains the sequence of {(β(γn), γn)}
∞
n=1. Therefore {(β(γn)}

∞
n=1 has

a convergent subsequence {(β(γnk
)}∞k=1 with a limit, say, β∗. Then by the continuity

of g and L,

L(β̄, γ) = g(γ) = lim
k→∞

g(γnk
) = lim

k→∞
L(β(γnk

), γnk
) = L(β∗, γ). (2)
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The uniqueness of the minimizer β̄ at γ and (2) imply that β∗ = β̄. Consequently,
this proves that every convergent subsequence of the bounded sequence {(β(γn)}

∞
n=1

has the same limit β̄. Hence the limit of {(β(γn)}
∞
n=1 is β̄, which completes the proof.

�

Proposition 3. Suppose that L(β, γ) is strictly convex in β and γ with a unique
minimizer (β∗, γ∗) for fixed λβ and λγ. Then, the iterative algorithm gives a sequence

of (β̂(m), γ̂(m)) with strictly decreasing L(β̂(m), γ̂(m)). Moreover, (β̂(m), γ̂(m)) converges
to (β∗, γ∗).

Proof. For fixed λβ and λγ, by the definition of γ̂(m+1) and β̂(m+1) in the algorithm,
we have

L(β̂(m), γ̂(m)) ≥ L(β̂(m), γ̂(m+1)) ≥ L(β̂(m+1), γ̂(m+1)).

Unless (β̂(m), γ̂(m)) = (β∗, γ∗), at least one of the inequalities must be strict by the
strict convexity of L. Thus, {L(β̂(m), γ̂(m))}∞m=0 is a monotonically decreasing se-
quence. Since it is bounded below by zero, the sequence has a limit, say, L∗. Now
consider A := {(β, γ) | L(β, γ) ≤ L(β̂(0), γ̂(0))}, which is closed and bounded. The
sequence of the minimizers, (β̂(m), γ̂(m)), is contained in A, and therefore it has a
convergent subsequence {(β̂(mk), γ̂(mk))}∞k=1. Let (β̄, γ̄) denote the limit of the subse-

quence. By the continuity of L, limk→∞L(β̂(mk), γ̂(mk)) = L(β̄, γ̄).
Suppose that (β̄, γ̄) 6= (β∗, γ∗), i.e., L(β̄, γ̄) > L(β∗, γ∗). Then we can obtain the

one-step update of (β̄, γ̄) denoted by (β̄1, γ̄1) and further reduce the objective value
by ǫ := L(β̄, γ̄) − L(β̄1, γ̄1) > 0. By Lemma 2, the mapping of (β̄, γ̄) to (β̄1, γ̄1) is
continuous. So, there exists a δ > 0 such that for any (β, γ) in an open ball cen-
tered at (β̄, γ̄) with a radius ǫ, |L(β1, γ1) − L(β̄1, γ̄1)| < ǫ/2. This implies that for
sufficiently large k, L(β̂(mk+1), γ̂(mk+1)) ≤ L(β̄1, γ̄1) + ǫ/2. However, this leads to a
contradiction that L(β̂(mk+1), γ̂(mk+1)) ≤ {L(β̄, γ̄) − ǫ} + ǫ/2 = L(β̄, γ̄) − ǫ/2. There-
fore, (β̄, γ̄) = (β∗, γ∗). Furthermore, since the limit of any convergent subsequence is
the same, we conclude that (β̂(m), γ̂(m)) converges to (β∗, γ∗). �

3 Regression

Consider a linear model of the form yi = x⊤i β + ǫi. Without loss of generality,
we assume that each covariate is standardized. We also assume that the yi’s are
centered to zero. Let X be an n by p design matrix with x⊤i in the ith row and let
Y = (y1, . . . , yn)

⊤.
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3.1 LASSO

The LASSO (Tibshirani; 1996) estimate of β = (β1, . . . , βp)
⊤ is defined as the solution

β̂ ∈ R
p that minimizes

Lλ(β) =
1

2
(Y −Xβ)⊤(Y −Xβ) + λ

p
∑

j=1

|βj|, (3)

where λ is a regularization parameter for balancing the data fit and the amount of
shrinkage of β. We take this as a baseline model fitting procedure for illustration.

To reduce the sensitivity of the LASSO solution to influential observations, the
given p covariates are augmented by n case indicators. Let zi be the indicator vari-
able taking 1 for the ith observation and 0 otherwise, and γ = (γ1, . . . , γn)

⊤ be the
coefficients of the case indicators. The proposed modification of the LASSO with
J2(γ) = ‖γ‖1 leads to the robust LASSO. For the robust LASSO, we find β̂ ∈ R

p and
γ̂ ∈ R

n that minimize

L(β, γ) =
1

2
{Y − (Xβ + γ)}⊤{Y − (Xβ + γ)} + λβ

p
∑

j=1

|βj| + λγ

n
∑

i=1

|γi|, (4)

where λβ and λγ are fixed regularization parameters constraining β and γ. Just
as the ordinary LASSO in (3) stabilizes the solution by shrinking and selecting β,
the additional penalty in the robust LASSO in (4) has the same effect on γ, whose
components gauge the extent of case influences.

The minimizer γ̂ of L(β̂, γ) for a fixed β̂ can be found by soft-thresholding the
residual vector r = Y −Xβ̂. That is, γ̂ = sgn(r)(|r| − λγ)+. For observations with
small residuals, |ri| ≤ λγ, γ̂i is set equal to zero with no effect on the current fit and

for those with large residuals, |ri| > λγ, γ̂i is set equal to the residual ri = yi − x⊤i β̂

offset by λγ towards zero. Combining γ̂ with β̂, we define the adjusted residuals to

be r∗i = yi − x⊤i β̂ − γ̂i. That is, r∗i = ri if |ri| ≤ λγ, and r∗i = sgn(ri)λγ, otherwise.
Thus, introduction of the case-specific parameters along with the the ℓ1 penalty on
γ amounts to winsorizing the ordinary residuals. The γ-adjusted loss is equivalent
to truncated squared error loss which is (y − x⊤β)2 if |y − x⊤β| ≤ λγ, and is λ2

γ

otherwise. Figure 1 shows (a) the relationship between the ordinary residual r and
the corresponding γ, (b) the residual and the adjusted residual r∗, and (c) the γ-
adjusted loss as a function of r.

The effective loss is Lλγ
(y, x⊤β) = (y − x⊤β)2/2 if |y − x⊤β| ≤ λγ , and λ2

γ/2 +
λγ(|y − x⊤β| − λγ) otherwise. This effective loss matches Huber’s loss function for
robust regression (Huber; 1981), and yields the Huberized LASSO described by Rosset
and Zhu (2004). As in robust regression, we choose a sufficiently large λγ so that only
a modest fraction of the residuals are adjusted.
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3.1.1 Bayesian Interpretation of the Robust LASSO

The LASSO solution has a dual interpretation as a posterior mode of β when the prior
distribution of β is independent double exponential. An analogue can be drawn for the
robust LASSO. Suppose that the βj’s and γi’s have independent double exponential
priors with mean 0 and the scale parameters σβ and σγ , respectively. Consider a
normal distribution with mean 0 and standard deviation σ for the errors ǫi. Treating
the hyperparameters σβ and σγ , and the error variance σ2 as known constants, we
have the posterior density function of β and γ

p(β, γ|X, Y ) ∝

exp

(

− 1
2σ2 {Y − (Xβ + γ)}⊤{Y − (Xβ + γ)} − 1

σβ

∑p

j=1 |βj| −
1
σγ

∑n

i=1 |γi|

)

.

Thus, the posterior mode of (β, γ) is the maximizer of log p(β, γ|X, Y ), or equivalently
the minimizer of

1

2
{Y − (Xβ + γ)}⊤{Y − (Xβ + γ)} +

σ2

σβ

p
∑

j=1

|βj | +
σ2

σγ

n
∑

i=1

|γi|.

Reparametrization of σ2/σβ and σ2/σγ as λβ and λγ yields the objective function of
the robust LASSO in (4). With this reformulation, we have another interpretation of
λβ and λγ as the so-called noise-to-signal ratios.

3.2 Location Families

More generally, a wide class of regularization problems can be cast in the form of a
minimization of

Lλ(β) =
n

∑

i=1

g(yi − x⊤i β) + λJ(β),

where g(·) is the negative log-likelihood derived from a location family. The as-
sumption that we have a location family implies that the negative log-likelihood is
a function only of ri = yi − x⊤i β. Dropping the subscript, common choices for the
negative log-likelihood, g(r) include r2 (least squares, normal distributions) and |r|
(least absolute deviations, Laplace distributions).

Introducing the case specific parameters γi, we wish to minimize

L(β, γ) =

n
∑

i=1

g(yi − x⊤i β − γi) + λβJ(β) + λγ‖γ‖1.

For minimization with a fixed β̂, the next result applies to a broad class of g(·) (but
not to g(r) = |r|).
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Proposition 4. Suppose that g is strictly convex with the minimum at 0, and limr→±∞ g′(r) =
±∞, respectively. Then,

γ̂ = arg min
γ

g(r − γ) + λγ|γ| =







r − g′−1(λγ) for r > g′−1(λγ)
0 for g′−1(−λγ) ≤ r ≤ g′−1(λγ)

r − g′−1(−λγ) for r < g′−1(−λγ).

The proposition follows from straightforward algebra. Set the first derivative of
the decoupled minimization equation equal to 0 and solve for γ. Inserting these values
for γ̂i into the equation for L(β, γ) yields

L(β̂, γ̂) =
n

∑

i=1

g(ri − γ̂i) + λβJ(β̂) + λγ‖γ̂‖1.

The first term in the summation can be decomposed into three parts. Large ri con-
tribute g(ri−ri +g

′−1(λγ)) = g(g′−1(λγ)). Large, negative ri contribute g(g′−1(−λγ)).
Those ri with intermediate values have γ̂i = 0 and so contribute g(ri). Thus a
graphical depiction of the γ-adjusted loss is much like that in Figure 1, panel (c),
where the loss is truncated above. For asymmetric distributions (and hence asym-
metric log-likelihoods), the truncation point may differ for positive and negative
residuals. It should be remembered that when |ri| is large, the corresponding γ̂i

is large, implying a large contribution of ‖γ‖1 to the overall minimization prob-
lem. The residuals will tend to be large for vectors β that are at odds with the
data. Thus, in a sense, some of the loss which seems to disappear due to the ef-
fective truncation of g is shifted into the penalty term for γ. Hence the effective
loss Lλγ

(y, f(x; β)) = g(y − f(x; β) − γ̂) + λγ|γ̂| is the same as the original loss,
g(y − f(x; β)) when the residual is in [g′−1(−λγ), g

′−1(λγ)] and is linear beyond the
interval. The linearized part of g is joined with g such that Lλγ

is differentiable.
Computationally, the minimization of L(β, γ̂) given γ̂ entails application of the

same modeling procedure M with g to winsorized pseudo responses y∗i = yi − γ̂i,
where y∗i = yi for g′−1(−λγ) ≤ ri ≤ g′−1(λγ), y

∗
i = g′−1(λγ) for r > g′−1(λγ), and

y∗i = g′−1(−λγ) for r < g′−1(−λγ). So, the γ̂-adjusted data in Step 2 of the main
algorithm consist of (xi, y

∗
i ) pairs in each iteration.

3.3 Quantile Regression

In many applications, the assumption of normality on the distribution of the errors ǫ
may not be appropriate. For instance, the error distribution may be skewed or heavy-
tailed. More suited to such situations, quantile regression (Koenker and Bassett; 1978;
Koenker and Hallock; 2001) aims to estimate conditional quantiles of y given x instead
of the mean. For the 100αth quantile, the check function ρα is employed:

ρα(r) =

{

αr for r ≥ 0
−(1 − α)r for r < 0.

(5)
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Consider median regression with absolute deviation loss L(y, x⊤β) = |y − x⊤β|.
It can be verified easily that the ℓ1-adjustment of L is void due to the piecewise
linearity of the loss, reaffirming that the median regression is a robust procedure. For
an effectual adjustment, the ℓ2 norm regularization of the case-specific parameters is
considered. In general, the penalized median regression estimate of β is defined to be
the minimizer of

Lλ(β) =

n
∑

i=1

|yi − x⊤i β| + λβJ(β). (6)

With the case-specific parameters γi, we have the following objective function for
median regression:

L(β, γ) =
n

∑

i=1

|yi − x⊤i β − γi| + λβJ(β) +
λγ

2
‖γ‖2. (7)

For a fixed β̂ and residual r = y − x⊤β̂, the γ̂ minimizing |r − γ| + λγ

2
γ2 is given by

sgn(r)
1

λγ

I
(

|r| >
1

λγ

)

+ rI
(

|r| ≤
1

λγ

)

.

The γ-adjusted loss for median regression is

L(y, x⊤β + γ̂) =
∣

∣y − x⊤β −
1

λγ

∣

∣ I
(

|y − x⊤β| >
1

λγ

)

,

as shown in Figure 2 (a). Interestingly, this ℓ2-adjusted absolute deviation loss is the
same as the so-called “ǫ-insensitive linear loss” for support vector regression (Vapnik;
1998) with ǫ = 1/λγ.

With this adjustment, the effective loss is Huberized squared error loss. As il-
lustrated in Section 6, the ℓ2 adjustment makes quantile regression more efficient by
rounding the sharp corner of the loss, and leads to a hybrid procedure which lies
between mean and median regression. Note that, to achieve the desired effect for
quantile regression, one chooses quite a different value of λγ than one would for when
adjusting squared error loss for a robust mean regression. Also, for quantiles other
than the median, the effective loss differs from Huberized squared error loss.

4 Classification

Now suppose that yi’s indicate binary outcomes. For modeling and prediction of the
binary responses, we mainly consider margin-based procedures such as logistic regres-
sion, support vector machines (Vapnik; 1998), and boosting (Freund and Schapire;
1997). These procedures can be modified by the addition of case indicators.

11



4.1 Penalized Logistic Regression

Although it is customary to label a binary outcome as 0 or 1 in logistic regression,
we instead adopt the symmetric labels of {−1, 1} for yi’s. The symmetry facilitates
comparison of different classification procedures. Logistic regression takes the nega-
tive log likelihood as a loss for estimation of logit f(x) = log[p(x)/(1 − p(x))]. The
loss, L(y, f(x)) = log[1 + exp(−yf(x))], can be viewed as a function of the so-called
margin, yf(x). This functional margin of yf(x) is a pivotal quantity for defining a
family of loss functions in classification similar to the residual in regression.

Penalized logistic regression can be modified with case indicators:

L(β0, β, γ) =
n

∑

i=1

log
(

1 + exp(−yi{f(xi) + γi})
)

+ λβ‖β‖1 + λγ‖γ‖1, (8)

where f(x) = β0 + x⊤β. For fixed β̂0 and β̂, γi is determined by minimizing

log
(

1 + exp(−yi{f(xi) + γi})
)

+ λγ |γi|.

First note that the minimizer γi must have the same sign as yi. Letting η = yf and
assuming that 0 < λγ < 1, we have

arg min
γ≥0

log
(

1 + exp(−η − γ)
)

+ λγ|γ|

=

{

log{(1 − λγ)/λγ} − η if η ≤ log{(1 − λγ)/λγ},
0 otherwise.

This yields a truncated negative log likelihood given by

L(y, f(x)) =

{

log
(

1 + λγ/(1 − λγ)
)

if yf(x) ≤ log{(1 − λγ)/λγ},
log

(

1 + exp(−yf(x))
)

otherwise.

See Figure 2 (b) where ηλ = log{(1 − λγ)/λγ}, and it is a decreasing function of
λγ. λγ determines the level of truncation of the loss. As λγ tends to 1, there is no
truncation.

4.2 Large Margin Classifiers

With the symmetric class labels, the foregoing characterization of the case-specific
parameter γ in logistic regression can be easily generalized to various margin based
classification procedures. In classification, potential outliers are those cases with large
negative margins. Let g(τ) be a loss function of the margin τ = yf(x). The following
proposition holds for a general family of loss functions. It is analogous to Proposition
4.

12



Proposition 5. Suppose that g is convex and monotonically decreasing in τ , and
limτ→−∞ g′(τ) = ∞. Then,

γ̂ = arg min
γ

g(τ + γ) + λγ|γ| =

{

g′−1(−λγ) − τ for τ ≤ g′−1(−λγ)
0 for τ > g′−1(−λγ).

The proof is straightforward. Examples of the margin based loss g satisfying the
assumption include the exponential loss g(τ) = exp(−τ) in boosting, the squared
hinge loss g(τ) = {(1 − τ)+}

2 in the support vector machine, and the negative log
likelihood g(τ) = log(1 + exp(−τ)) in logistic regression. Although their theoretical
targets are different, all the loss functions are truncated above for large negative
margins when adjusted by γ. Thus, the effective loss Lλγ

(yf(x; β)) = g(yf(x; β) +
γ̂) + λγ|γ̂| is obtained by linearizing g for yf(x; β) < g′−1(−λγ).

However, the effect of γ̂-adjustment depends on the form of g, and hence on the
classification method. For boosting,

γ̂ =

{

− log λγ − yf(x) if yf(x) ≤ − log λγ

0 otherwise.

This gives L(β, γ̂) =
∑n

i=1 exp(−yif(xi; β) − γ̂i) =
∑n

i=1 exp(−γ̂i) exp(−yif(xi; β)).
So, finding β given γ̂ amounts to weighted boosting, where the positive case-specific
parameters γ̂i downweight the corresponding cases by exp(−γ̂i). For the squared
hinge loss in the SVM,

γ̂ =

{

1 − yf(x) − λγ/2 if yf(x) ≤ 1 − λγ/2
0 otherwise.

A positive case-specific parameter γ̂i has the effect of relaxing the margin requirement,
that is, lowering the joint of the hinge individually. It allows the associated slack
variable to be smaller in the primal formulation. Accordingly, the adjustment affects
the coefficient of the linear term in the dual formulation of the quadratic programming
problem.

4.3 Support Vector Machines

The linear Support Vector Machine (SVM) looks for the optimal hyperplane f(x) =
β0 + x⊤β = 0 minimizing

Lλ(β0, β) =

n
∑

i=1

[

1 − yif(xi)
]

+
+
λ

2
‖β‖2, (9)

where [t]+ = max(t, 0) and λ > 0 is a regularization parameter. Using the case indica-
tors zi and their coefficients γi, we modify (9), arriving at the problem of minimizing

L(β0, β, γ) =
n

∑

i=1

[

1 − yi{f(xi) + γi}
]

+
+
λβ

2
‖β‖2 +

λγ

2
‖γ‖2. (10)
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For fixed β̂0 and β̂, the minimizer γ̂ of L(β̂0, β̂, γ) is obtained by solving the decoupled
optimization problem of

min
γ

[1 − yif(xi) − yiγi]+ +
λγ

2
γ2

i for each γi.

With an argument similar to that for logistic regression, the minimizer γ̂i should have
the same sign as yi. Let ξ = 1 − yf . A simple calculation shows that

arg min
γ≥0

[ξ − γ]+ +
λγ

2
γ2 =







0 if ξ ≤ 0
ξ if 0 < ξ < 1/λγ

1/λγ if ξ ≥ 1/λγ.

Hence, the increase in margin yiγ̂i due to inclusion of γ is given by

{1 − yif(xi)}I(0 < 1 − yif(xi) <
1

λγ

) +
1

λγ

I(1 − yif(xi) ≥
1

λγ

).

The γ-adjusted hinge loss is L(y, f) = [1 − 1/λγ − yf ]+ with the hinge lowered by
1/λγ as shown in Figure 2 (c).

It can be shown that reapplying the SVM procedure to the γ-adjusted data is
equivalent to the ordinary SVM with the regularization parameter λ inflated by
λγ/(λγ − 1) (for λγ > 1). In other words, the SVM formulation is intrinsically
robust to outliers as long as λ is properly controlled. In fact, it is well known that
1/λ acts as the upper bound of the Lagrange multiplier of each observation in the
dual formulation, which reflects the magnitude of the influence of each case.

5 Computation

Taking the LASSO as a primary example, we describe details of computational imple-
mentation and illustrate how existing software can be easily altered to fit the robust
LASSO.

5.1 Robust LASSO Algorithm

Recall the problem of finding the solution β̂ and γ̂ to the robust LASSO in (4) for
fixed λβ and λγ. The iterative algorithm in Section 2 can be restated for the LASSO
as follows:

1. Initialize γ̂(0) = 0 and get the ordinary LASSO solution β̂(0) = argminL(β, 0).

2. Iteratively alternate the following two steps, m = 0, 1, . . .

• γ̂(m+1) = argminL(β̂(m), γ) = sgn(r(m))(|r(m)| − λγ)+, where r(m) = Y −

Xβ̂(m).
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• β̂(m+1) = argminL(β, γ̂(m+1)). This step is LASSO optimization with a
winsorized response Y ∗ = Y − γ̂(m+1) = Xβ̂(m) + r∗(m).

3. Terminate when
∑p

j=1(β̂
(m+1)
j − β̂

(m)
j )2/p < ǫ for a prespecified small value ǫ.

For fitting β, existing algorithms for LASSO such as LARS (Efron et al.; 2004)
can be used. Since the LARS algorithm can generate the entire solution path of β̂
as a function of λβ, it may be numerically more efficient to incorporate tuning of λβ

with the iterative algorithm than to find β̂ for a fixed λβ. So, we may consider joint

updating of λβ and β̂ as well as λγ and γ̂ as suggested in Gu (1992) for the similar
issue of combining an iterative algorithm with tuning. Namely, one can choose the
best λβ at each iteration for fitting β and the best λγ for fitting γ with respect to
some selection criteria.

5.2 Selection of the Penalty Parameters

As with methods of regularization in general, the choice of the penalty parameters is
important for the effectiveness of the robust LASSO. Appropriate selection of λβ and
λγ needs to be combined with the iterative algorithm.

The role of λγ as a bending constant for winsorizing the residuals makes it sensible
to set λγ = k · σ with a proper choice of k. The standard robust statistics literature
(Huber; 1981) suggests that good choices of k lie in the range from 1 to 2. The
effect of the k on estimation error is illustrated in the simulation studies in Section 6.
Setting λγ in this fashion requires an estimate of σ. One may use a robust estimate
by fitting a full robust regression model with an M estimator as implemented in MASS

package. Alternatively, one can refit σ in each iteration and dynamically update λγ.
Empirically, little difference has been observed between the two methods.

For the choice of λβ , Cp-type risk estimates can be used. Note that the Cp criterion
requires an accurate estimate of σ, and its implementation in the LARS algorithm
uses σ̂ from the full OLS fit. As potential outliers may significantly influence this
assessment of fit through Cp, a robust estimate of σ is recommended for Cp as well.
Ronchetti and Staudte (1994) obtain a robust version of Cp by replacing the squared
error loss with its truncated version and p with c · p in Cp, where c is a constant,
slightly smaller than 1, that depends on the the bending constant k. For instance,
c ≈ 0.9817 for k = 1.345 and 0.9985 for k = 2. The ordinary sum of squared residuals
with the updated Y ∗ in the Cp evaluation is effectively the same as the empirical risk
with respect to truncated squared error loss. With k as large as 2, the Cp in the
LARS iterations is close to the robust Cp. This justifies selection of λβ using Cp in
each iteration.

An alternative method for selection of λβ is generalized cross validation (GCV).
Unlike Cp, its evaluation does not depend on σ̂2 although the leave-one-out cross
validation identity, the theoretical basis for the GCV has not been established for the
robust LASSO.
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With Cp modified by the robust estimate of σ, numerical experiments indicate
that the robust LASSO algorithm typically converges in several iterations, with a
noticeable change in coefficients, if any, occurring in the first update only. For large
k, fewer iterations are needed.

6 Simulations

We conducted a simulation study to investigate the sensitivity of the LASSO (or
LARS) and the robust LASSO (robust LARS, k = 2) to contamination of the data.
For brevity, we report only that portion of the results pertaining to accuracy of the
fitted regression surface and inclusion of variates in the model. Similar results were
obtained for k near 2. The results differ for extreme values of k. Throughout the
simulation, the standard linear model y = x⊤β + ǫ was assumed. Following the
simulation setting in Tibshirani (1996), we generated x = (x1, . . . , x8)

⊤ from a multi-
variate normal distribution with mean zero and standard deviation 1. The correlation
between xi and xj was set to ρ|i−j| with ρ = 0.5. Three scenarios were considered
with a varying degree of sparsity in terms of the number of non-zero true coefficients:
i) sparse: β = (5, 0, 0, 0, 0, 0, 0, 0), ii) intermediate: β = (3, 1.5, 0, 0, 2, 0, 0, 0), and iii)
dense: βj = 0.85 for all j = 1, . . . , 8. In all cases, the sample size was 100. For the
base case, ǫi was assumed to follow N(0, σ2) with σ = 3. For potential outliers in ǫ,
the first 5% of the ǫi’s were tripled, yielding a data set with more outliers. We also
investigated sensitivity to high leverage cases. For this setting, we tripled the first 5%
of the values of x1. Thus the replicates were blocked across the three settings. There
were 100 replicates in the simulation. The Cp criterion was used to select the model.

Figure 3 shows mean square error (MSE) between the fitted and true regression
surfaces, omitting intercepts. MSE is integrated across the distribution of a future
X, taken to be that for the base case of the simulation. Over the n replicates in
the simulation, MSE = n−1

∑n

i=1(β̂
i − β)⊤Σ(β̂i − β), where β̂i is the estimate of β

for the ith replicate. LARS and robust LARS perform comparably in the base case,
with the MSE for robust LARS being greater by 1 to 6 percent. For both LARS
and robust LARS, MSE in the base case increases as one moves from the sparse to
the dense scenario. MSE increases noticeably when ǫ is contaminated, by a factor
of 1.31 to 1.41 for LARS. For robust LARS, the factor for increase over the base case
with LARS is 1.12 to 1.22. For contamination in X, results under LARS and robust
LARS are similar in the intermediate and dense cases, with increases in MSE over
the base case. For the sparse case, the coefficient of the contaminated covariate, x1, is
large relative to the other covariates. Here, robust LARS performs noticeably better
than LARS, with a smaller increase in MSE.

Table 1 presents results on the difference in number of selected variables for pairs
of models. In each pair, a contaminated model is contrasted with the corresponding
uncontaminated model. The top half of the table presents results for contamination
of ǫ. The distribution of the differences in the number of selected variables for the

16



pairs of fitted models has a mode at 0 in each scenario for both LARS and robust
LARS. There is, however, substantial spread around 0. The fitted models for the data
with contaminated errors tend to have fewer variables than those for the original data,
especially in the dense scenario. This may well be attributed to inflated estimates
of σ2 used in Cp for the contaminated data, favoring relatively smaller models. The
effect is stronger for LARS than for robust LARS, in keeping with the lessened impact
of outliers on the robust estimate of σ2.

The bottom half of Table 1 presents results for contamination of X. Again,
the distributions of differences in model size have modes at 0 in all scenarios. The
distributions have substantial spread around 0. Under the sparse scenario in which
the contamination has a substantial impact on MSE, the distribution under robust
LARS is more concentrated than under LARS.

The simulation demonstrates that the proposed robustification is successful in
dealing with both contaminated errors and contaminated covariates. As expected,
in contrast to LARS, robust LARS is effective in identifying observations with large
measurement errors and lessening their influence. It is also effective at reducing the
impact of high leverage cases, especially when the high leverage arises from a covariate
with a large regression coefficient. The combined benefits of robustness to outliers
and high leverage cases render robust LARS effective at dealing with influential cases
in an automated fashion.

We also examined quantile regression, finding that regular quantile regression can
be made more efficient by inclusion and ℓ2 regularization of case-specific parameters.
With Huberized loss being the effective loss in this case, we examined the effect of
k on regression of conditional medians, where k · σ is used as the actual bending
constant. In addition to the normal distribution, we considered a linear transformed
log normal distribution with median zero and σ ≈ 3 as a skewed distribution for
errors. The same simulation settings were used for X and β, and 100 replicates
with normally distributed errors and log normally distributed errors were generated.
Note that for both error distributions, the conditional mean functions in the previous
simulation give the conditional median functions in this simulation. Huber’s robust
regression was applied to the simulated data. Figure 4 presents approximate 95%
confidence intervals for MSE for this “efficient” median regression as a function of
k. k = 0 corresponds to the ordinary median regression while k = 3 approximates
least squares regression. When the error distribution is normal, mean regression has
smaller MSE than median regression. When the error distribution is skewed, there
is a virtue of moving away from the regular median regression for efficient estimation
of conditional medians. Huber’s regression with k around 0.5 provides more accurate
fits to the median regression coefficients than does median regression.

7 Analysis of Language Data

Balota et al. (2004) conducted an extensive lexical decision experiment in which
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subjects were asked to identify whether a string of letters was an English word or
a non-word. The words were monosyllabic, and the non-words were constructed
to closely resemble words on a number of linguistic dimensions. Two groups were
studied – college students and older adults. The data consist of response times by
word, averaged over the thirty subjects in each group. For each of word, a number of
covariates was recorded. Goals of the experiment include determining which features
of a word (i.e., covariates) affect response time, and whether the active features affect
response time in the same fashion for college students and older adults. The authors
make a case for the need to conduct and analyze studies with regression techniques
in mind, rather than simpler ANOVA techniques.

Baayen (2007) conducts an extensive analysis of a slightly modified data set which
is available in his languageR package. In his analysis, he creates and selects variables
to include in a regression model, addresses issues of nonlinearity, collinearity and
interaction, and removes selected cases as being influential and/or outlying. He trims
a total of 87 of the 4568 cases. The resulting model, based on “typical” words, is
used to address issues of linguistic importance. It includes seventeen basic covariates
which enter the model as linear terms, a non-linear term for the written frequency
of a word (fit as a restricted cubic spline with five knots), and an interaction term
between the age group and the (nonlinear) written frequency of the word. We take
his final model as an expert fit, and use it as a target to compare the performance of
the robust LASSO to the LASSO.

We consider two sets of potential covariates for the model. The small set consists
of Baayen’s 17 basic covariates and three additional covariates representing a squared
term for written frequency and the interaction between age group and the linear
and squared terms for written frequency. Age group has been coded as ±1 for the
interactions. The large set augments these covariates with nine additional covariates
that were not included in Baayen’s final model. Baayen excluded some of these
covariates for a lack of significance, others because of collinearity. The LASSO and
robust LASSO were fit to all 4568 cases with the small and large sets of covariates. For
the robust LASSO, a variety of values were considered for k. In all cases, the model
was selected via the minimum Cp criterion. The estimated error standard deviations
were approximately 0.0775 and 0.0789 for both of the LASSO and the robust LASSO
models with the small and large sets of covariates, respectively. A comparison of
the models in terms of sum of squared deviations (SSD) from Baayen’s fitted values,
with the sum excluding those cases that he removed as outliers and/or influential
cases, shows mixed results, with the robust LASSO having a smaller value of SSD
for some values of k and larger SSD for other values. The comparison highlights
the discontinuity of the fitted surface in k whenever a different model is selected by
minimum Cp. In order to assess the relative performance of the two methods, we
must average over a number of data sets.

To obtain the needed replicates and to examine the performance of the robust
LASSO with a smaller sample size, we conducted a simulation study. For one repli-

18



cate of the simulation, we sampled 400 cases from the data set and fit the LASSO
and robust LASSO. Models were selected with the minimum Cp criterion, and SSD
computed on the full data set, removing the cases that Baayen did. A summary of
SSD is presented in Figure 5. The figure also presents confidence intervals, based on
5, 000 replicates, for the robust LASSO. We see that the robust LASSO outperforms
the LASSO for both the small and large covariate sets over a wide range of k.

In the simulation study, we also tracked the covariates in the selected model, with
a summary displayed for k = 1.6 in Figure 6. Two key features of the coefficients
are whether or not they are zero and how large they are. Several interesting features
appear. First, there is little apparent difference between the 20 covariates in the
small set (covariates 1 through 20) and the additional nine covariates in the large
set (covariates 21 through 29). Both sets of covariates often have coefficients near 0,
as indicated by the left-hand panel. The vertical bars, extending from the 10th to
the 90th percentile for a given coefficient, show many effects that are, on the whole,
small. The right-hand panel presents the fraction of replicates in which a given
coefficient is non-zero in the model selected by the minimum Cp criterion. Again, we
see little difference between the two sets of covariates. Overall, covariates in the small
set had non-zero coefficients 0.73 of the time under the LASSO and 0.75 of the time
under the robust LASSO. The remaining covariates had non-zero coefficients 0.68 and
0.70 of the time, respectively. The models selected by the robust LASSO averaged
21.4 covariates; those selected by the LASSO averaged 20.7 covariates. Second, in
spite of the relatively high frequency with which covariates were “included” in the
model, they often had very small coefficients, suggesting that there is substantial
uncertainty about the “correct” model. Third, the LASSO and the robust LASSO
provide coefficients of similar magnitude and with similar non-zero frequency. For
this data set and simulation, we expect this behavior, as the fraction of outlying data
is small and the magnitude of the outliers is modest. Even in this difficult situation
for a robust procedure, as Figure 5 shows, the robust LASSO can better match the
expert fit. Fourth, examination of particular covariates demonstrates the appeal of
regularization methods. Covariates 20 (WrittenFrequency) and 29 (Familiarity)
address the same issue. See Balota et al. (2004) for a more complete description of
the covariates. Both covariates appear in nearly all of the models for both the LASSO
and the robust LASSO. Subjects are able to decide that a familiar word is a word
more quickly (and more accurately) than an unfamiliar word, and so we see negative
coefficients for both covariates. Although there seems to be no debate on whether this
conceptual effect of similarity exists, there are a variety of viewpoints on how to best
capture this effect. Regularization methods facilitate inclusion of a suite of covariates
that address single conceptual effect. The robust LASSO retains this ability.
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8 Discussion

In the preceding sections, we have laid out an approach to modifying regularized
estimation problems. The approach is based on the creation of case-specific covariates
that are included as part of the regularization problem. With appropriate choices of
penalty terms, the addition of these covariates allows us to robustify those procedures
which lack robustness and also allows us to improve the efficiency of procedures which
are very robust, but not particularly efficient. The techniques are easy to implement,
as they often require little modification of existing software. In some cases, there is
no need for modification of software, as one merely feeds a modified data set into
existing routines.

The motivation behind this work is a desire to move regularized estimation in
the direction of traditional data analysis (e.g., Weisberg (2004)). An important com-
ponent of this type of analysis is the ability to take different looks at a data set.
These different looks may suggest creation of new variates and differential handling
of individual cases or groups of cases. Robust methods allow us to take such a look,
even when data sets are large. Coupling robust regression techniques with the ability
to examine an entire solution path provides a sharper view of the impact of unusual
cases on the analysis. Another important component of a traditional analysis is map-
ping observed patterns in data into established modeling concepts, such as the fixed
effect/random effect distinction, overdispersion, and case-specific uncertainty. The
approach that we have taken suggests how these issues can be handled in the context
of regularized regression. The next several paragraphs provide capsule descriptions.

There are two versions of a model which incorporates random effects. In one
version, the effects are marginalized, never explicitly appearing in the model; in a
second version, the effects appear, and their distribution–often normal with mean
0–is described. Pursuing the second approach, the covariate set can be expanded
by including the random effects. In keeping with an assumption of normality of the
effects, an ℓ2 penalty can be imposed upon them. In the context of the generalized
linear model, the random effects can account for overdispersion. In the context of
random effects regression (Laird and Ware; 1982), the covariates for the random
effects would be more than indicator variables for sets of cases.

For continuous response variates, differential case-uncertainty translates into dif-
ferential case-dispersion. This can be accomplished by including case-specific indica-
tors to represent random effects and adjusting the penalty for the individual case to
match the case-uncertainty. The computational strategy described in Section 2 ap-
plies, as the case-specific terms decouple for the minimization. Thus, inclusion of the
additional terms provides a direct means of extending the LASSO to heteroscedastic
regression, and from there, to heteroscedastic robust regression.

The simulation on quantile regression shows the potential for improvement in ac-
curacy due to inclusion of case-specific covariates. For large enough samples, the bias
of the enhanced estimator will typically outweigh its benefits. The natural approach
is to adjust the penalty attached to the case-specific covariates as the sample size
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Figure 1: Modification of the squared error loss with a case-specific parameter. (a) γ
versus the residual r. (b) the adjusted residual r∗ versus the ordinary residual r. (c)
a truncated squared error loss.

increases. This can be accomplished in two different ways. First, the parameter λγ

can be increased as the sample size grows; second, the norm for the penalty can be
decreased, moving toward the ℓ1 norm.
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Figure 4: MSE for the “efficient” median regression as a function of k. Panel (a)
is for errors with a shifted log normal distribution, and panel (b) is for normally
distributed errors. The points represent means of 100 replicates, and the vertical
lines give approximate 95% confidence intervals for the MSE
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Figure 5: Sum of squared deviations (SSD) from Baayen’s fits in the simulation study.
The horizontal line is the mean SSD for the the LASSO while the points represent
the mean of SSDs for the robust LASSO. The vertical lines give approximate 95%
confidence intervals for the mean SSDs. Panel (a) presents results for the small set
of covariates and panel (b) presents results for the large set of covariates.
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Table 1: Difference in the number of selected variables for the fitted model to conta-
minated data from that to clean data

LARS robust LARS
Scenario -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
ǫ contamination
Sparse 5* 6 21 48 13 5 2* 1* 4 12 71 7 5 0
Intermediate 5 10 14 46 21 3 1 1 3 14 64 14 4 0
Dense 2 1 16 80 1 0 0 0 0 8 89 3 0 0
X contamination
Sparse 7* 5 15 34 20 7 12* 5* 3 16 36 22 12 6
Intermediate 1 5 1 55 21 3 2 1 3 18 50 23 4 1
Dense 0 0 5 93 2 0 0 0 0 4 94 2 0 0

NOTE: The entries with * are the cumulative counts of the specified case and more
extreme cases.
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Figure 6: Coefficients in the simulation study. The first 20 variates are the small set of
covariates, while the remaining 9 variates are in the large set of covariates. x is for the
robust LASSO and o is for the LASSO. Panel (a) contains a plot of mean coefficients
for standardized variates in the simulation. The vertical lines extend from the 10th
to 90th percentiles of the coefficients under the robust LASSO. Panel (b) shows the
fraction of replicates in which coefficients in the selected model are non-zero.
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