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Nomenclature

b = bullet tip length
¢ = vector of linear predictor coefficients
d = midstem diameter
D = implant toggling measure
E = cancellous bone elastic modulus
f = vector of regression functions
g = joint probability distribution for environmental variables
L = objective function
L = predicted objective function
R = correlation function
S = normalized bone remodeling signal
S; = fatigue strength of implant material
U = dtrain energy density
U, = strain energy density, intact femur
w = competing objective weighting factor
X = design and environmental variable vector (X4, X,)
Xy = design variable vector (b, d)
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environmental variable vector (E, Q)

= structural response

= predicted structural response

Gaussian stochastic process

= vector of regression coefficients (Greek |.c. beta)
= bone location weighting factor (Greek |.c. eta)
correlation parameters (Greek |.c. theta)

joint force angular deviation (Greek u.c. theta)

- @ o N X <
I

o
O :
1

(72}
n
1

implant stress (Greek |.c. sigma)
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stochastic process variance
bone or implant slope (Greek |.c. phi)
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maximum bone or implant slope



Summary

Direct search techniques for the optimal design of biomechanical devices are computationally
intensive requiring many iterations before converging to a global solution. This along with the
incorporation of environmental variables such as multiple loading conditions and bone properties
make direct search techniquesinfeasible. In this study, we introduced new methods that are based
on the statistical design and analysis of computer experiments to efficiently account for environ-
mental variables. Using data collected at a relatively small set of training sites, the method
employs a computationally inexpensive predictor of the structural response that is statistically
motivated. By using this predictor in place of the smulator (e.g. finite element model), a sufficient
number of iterations can be performed to facilitate the optimization of the complex system.

The applicability of these methods was demonstrated through the design of a femoral
component for total hip arthroplasty incorporating variationsin joint force orientation and cancel-
lous bone properties. Beams on elastic foundation (BOEF) finite element models were devel oped
to simulate the structural response. These simple models were chosen for their short computation
time. This allowed us to represent the actual structural response surface by an exhaustive enumer-
ation of the design and environmental variable space, and provided a means by which to validate
the statistical predictor. We were able to accurately predict the structural response and the optimal
design using only sixteen runs of the computer code. The general trends predicted by the BOEF
models were in agreement with previous three-dimensional finite element computer simulations,
and experimental and clinical results, which demonstrated that the important features of intramed-
ullary fixation systems were captured. These results indicate that the statistically based optimiza-

tion methods are appropriate for optimization studies using computationally demanding models.



Introduction

For more than two decades, computer modeling of total joint replacements has matured as a sup-
plement to physical experiments and clinical studies. The utility of any model depends on both its
fidelity to “reality” and control over the physical modeling parameters. While clinical studies
offer the best representation of a patient population, they offer little control over the influential
design and environmental factors. At the other end of the spectrum, computer models are furthest
removed from readlity, but are easily controlled. A controlled experiment is essential for isolating
the effects of factors, and as such, computer experiments are ideal for design comparisons and
optimization.

While the idea of computer aided design of total joint replacements is an appealing one,
logistical barriers still exist. Even with today’s fastest computers, simulations can take several
hours or days to perform. This can be particularly restrictive for optimization studies that require
an extensive search over the space of possible design combinations. Standard iterative search
algorithms have difficulties that may inhibit or prohibit their use. The most serious of these istheir
highly iterative nature which requires several evaluations (computer simulations) of candidate
designs before converging to an optimal solution. This problem is compounded by convergence
problems and the possibility of being trapped in local optima. These restrictions have been appar-
ent in previous optimization studies that used simplified geometry (Yong et al., 1989, Huiskes and
Boeklagen, 1989, de Beuset al., 1990) and alimited set of bone properties and |oading conditions
(Kuiper, 1993, Davy and Katoozian, 1994).

Huiskes and Boeklagen (1989) pointed out an important limitation of their study: an opti-
mal design is only optimal with respect to the particular loading conditions under which it was
determined. A hip implant, for example, may be optimized for gait loads, yet may not be stable
under the large torsional moments experienced while ascending stairs (Burke et al., 1991, Kotzar
et a., 1995). Similarly, bone geometry, material properties, surgical technique, and other environ-
mental factors can affect the ultimate choice of implant design. In fact, Herberts and Malchau

(1997) found that surgical technigue was the most important factor influencing the risk of aseptic



loosening for total hip arthroplasty. Loading, bone properties, and surgical technique, however,
cannot be explicitly controlled in the design. That is, we cannot ask a patient to walk only on level
surfaces, nor can we control bone quality or surgical expertise. Instead, designs are preferred that
perform favorably for a wide range of environmental conditions. Such designs are referred to as
robust. “Robust optimization” is the process of determining the most robust design.

Optimizing an implant with respect to a distribution of environmental conditions requires
significantly more computation than optimizing with respect to fixed environmental inputs. There-
fore, the computational considerations become more important and alternatives to the traditional
methods of optimization must be considered. In this paper, we introduce an efficient alternative to
iterative search algorithms based on the statistical design and analysis of computer experiments
(Sacks et al., 1989). The method employs an inexpensive statistical predictor of the structural
response as a function of both the design and environmental variables based on calculation of the
structural response at arelatively small set of variable input (training) sites. By using an analytical
statistical predictor as a surrogate for the more expensive numerical simulator (e.g. a finite ele-
ment model), structural responses at other sites can be quickly evaluated thereby facilitating the
search for an optimal design. In fact, the method is so economical that complex three dimensional
computer models can be used and evaluated for a comprehensive set of environmental conditions.
While this method is new to biomechanical applications, its effectiveness has been documented in
adiverse range of studies from thermal energy storage devices (Currin et al., 1991) to integrated
circuit design (Bernardo et a., 1992).

We demonstrated the applicability of the statistical methods through the optimization of a
femoral component for total hip arthroplasty. The structural response was predicted using one-
dimensional beams on elastic foundation (BOEF) models (Hetenyi, 1946, Huiskes, 1980) with
respect to an idealized distribution of joint force directions and cancellous bone properties. Sim-
ple structural models were used for two reasons. First, the structural response of flexible implats
has been studied in the past (e.g. Huiskes et al., 1992, Kuiper, 1993) and can be used for compari-

son. Second, the short solution times of the simulations facilitates a representation of the actual



structural response over the entire space of possible design and environmental settings. This pro-
vides a basis for validating the accuracy of the statistical predictor. Validation of the statistical
methods provides a solid foundation for their extension to more detailed three-dimensional com-

puter models and representative environmental conditions.

M ethods

Robust Optimization Formulation. Consider the structural response, Y, that depends on
both design variables, x4, and environmental variables, x,. A robust optimal design comprises
the combination of design variables that minimizes the response Y averaged over variationsin the
environmental variables. One such optimization formulation incorporates an integrated form of
the structural response. Let L(x4) bethe expectation of Y (X, X,) With respect to the distribution

of environmental variables, g(x.) . The optimization formulation can then be summarized by,
¥
Minimize: L(Xq) = QY(Xg, Xe)9(Xe) X (D)
¥
over asuitable domain for x .

It should be noted that each time an evaluation of L(x,) is desired, Y(X4, Xg) must be
evaluated multiple times to evaluate the integral. Traditional iterative search algorithms require
multiple evaluations of L(x,4) and hence, considerably more evaluations of Y(x4, X.) . Remem-
bering that each evaluation of Y(x4,X.) requires a time consuming computer simulation, the
solution of Equation 1 can be impractical using traditional search techniques. The next section
describes an aternative, more efficient procedure.

Optimal Search Procedure. The basis of the method (Figure 1) is akin to “curve-fitting”
where we determine an inexpensive statistical predictor of the true response Y (X4, X,) based on
the computed response at a small set of input variable (training) sites. Once the analytical predic-
tor, \?(xd, Xg), IS determined, the expensive numerical computer simulations are no longer
needed. The predicted objective function, L(x4) , can then be quickly determined through integra-

tion of \?(xd, Xg) With respect to g(x,) and an optimal solution sought using any number of



search techniques.

The effectiveness of the search procedure depends on the accuracy of the statistical predic-
tor, which isin turn a function of the training sites. Intuitively, we want to select training sites
(X = (Xg4i» %), 1 = 1, %, n) that are in some sense representative of the entire space. This
ensures that no point in the space is too far from where the structural response is observed, which
in turn should lead to statistical predictors that perform well over the entire space. Latin hyper-
cube sampling (LHS) (McKay et al., 1979) is an effective procedure for uniformly distributing
training sites throughout the space x = (Xg4, X,) (for more detail see Appendix A). There are
many possible LHS designs for a given experiment. We chose LHS designs that maximize afunc-
tion of the pairwise training site differences. The default function employed by the Algorithms for
the Construction of Experimental Designs (ACED) design software was used for this purpose
(Welch, 1985).

Once the training sites are chosen and the observations, Y, are made at these sites, a
response surface form isassumed for Y(x), and isused as the basis for computing the Best Linear
Unbiased Predictor (BLUP), Y(x). The BLUP minimizes the error between the estimated sur-
face, Y(x) , and the actual surface Y(x) in the sense described below.

Consider the general form for alinear predictor,
S T
Y(x) = c (X)Y 2

based on observations, Y, computed at the training sites. We want to determine the vector c(x)
that minimizes the mean square error (MSE) between the estimated surface given in Equation 2

and the actual but unknown surface Y(x) , i.e,
Minimize: MSE[\?(X)] = E[cT(x)Y —Y(x)]2 3
and constrains the estimateor to be an unbiased,

E[c'(x)Y] = E[Y(X)] (4)



where E is the expectation operator. Thisis a constrained optimization problem.

The model adopted for the responseis,
Y(x) = f1(x)b +Z(x) (5)

In this model the unknown response surface is viewed as a realization of a stochastic process
(Sacks et al., 1989). The regression term fT(x)b (trend) models the global behavior of the
response. The regression coefficient b is unknown. The second term, Z(x) , isarandom function

(stochastic process) assumed have zero mean and covariance,
Cov[Z(w), Z(x)] = E[Z(W)Z(x)] = S2R(W,X) ©)

where R(w, X) isaknown correlation function and si is the known or unknown stochastic pro-
cess variance. It describes local deviations from the trend. In a standard regression setting, Z(X)
is a white noise uncorrelated process. In modeling computer experiments, a more complicated
correlation structure is employed to account for the anticipated correlation between responses at
nearby input sites. By accounting for this local variation, use of a smple trend component often
suffices. Little improvement is obtained by using a more complicated trend. In many applications
including the present study, only aconstant b is used, i.e. the vector f reduces to unity. The corre-
lation structure for Z is,
k X .
Row,x) = O expi ~o;|w; —x| pg ™
i=1 |

When w and x are in close proximity, the correlation between Z(w) and Z(x) is high. The
parameters g; (q;>0) and p; (0<p; £2) fori = 1, %, k are determined by maximum likeli-
hood estimation. If we letY denotethe n” 1 vector of observed responses at the n training sites

selected by LHS, then Equation 5 has the form,
Y = Fb+Z (8)

where F isan n” k matrix of regression functions evaluated at the training sites, and Z is an



n” 1 random vector having mean O and variance-covariance matrix s%R where R isthen” n
matrix of correlations between the observed responses obtained from Equation 7.
We can now derive an expression for the M SE, and formul ate the constrained optimization

problem following Equations 3 and 4. Theresult is,
Minimize: MSE[Y(x)] = s3[1+c' (x)Re(x)—2¢' (X)r (X)] 9)
Subject to: F'e(x) = f(x) (10)

where r (x) isthe n” 1 vector of correlations between the responses at the training sites and the
response at the unsampled input x. Introducing Lagrange multipliers, solving Equations 9 and 10

for c(x), and substituting c(x) into Equation 2, we obtain the BLUP,
Y(x) = fTb+r (x)R™(Y —Fb) (11)
where
b= (F R FRY (12)

is the generalized least squares estimator of the coefficients b. If the correlation structure is
known up to avector of parameters, e.g. if Equation 7 is assumed and Z is Gaussian, an Empirical
BLUP (EBLUP) is obtained by substituting the maximum likelihood estimates of the unknown
correlation parameters into Equation 11. It provides an estimate of the true surface, Y(x) , based
on observations, Y, at the training sites selected using LHS. Equation 11 can now be substituted
into Equation 1 to generate an objective function predictor, L(x4) . From this predictor an optimal
solution can be quickly determined using traditional optimal search techniques as computational
timeisno longer an issue.

Example Problem. We applied the general procedure to the optimal design of a femoral
component for total hip arthroplasty. Specifically, we explored the trade-offs between competing
design goals arising from the use of more flexible intramedullary stems. On the one hand, a flexi-

ble implant shares more load with the periprosthetic bone thereby limiting stress shielding and



subsequent bone resorption (Engh et al., 1988, Engh et a., 1992, Bobyn et al., 1992, Sumner et
al., 1991). On the other hand, a more flexible implant causes higher interface stresses and greater
relative motions proximally (Huiskes et al., 1992, Kuiper, 1993). In the unbonded case, increased
motion may inhibit bone ingrowth (Pilliar et a., 1986, Karrholm et al., 1992) and in the bonded
case, high interface stresses may disrupt fixation.

We considered varying the cross sectional geometry of the implant to reduce stiffness.
This concept has been previously realized in the Omniflex® design (Osteonics, Allendale NJ). It
performed well relative to cemented hip implants but slightly worse than its full-sized counterpart
(Omnifit) intrials performed by the same surgeon (Capello et a., 1994). Although computer sim-
ulations predicted a 40% reduction in bone loss (Huiskes et al., 1995), the stability of the Omni-
flex may have been compromised by the reduction in cross sectional area (Capello et a., 1994).
Asaresult we atered only the distal portion of the implant to increase flexibility.

The design concept (Figure 2) was characterized by two design factors: areduced midstem
diameter, d, and a bullet tip length, b. Two environmental factors were also considered that con-
tribute to the overall structural response: joint force angle (Q) and cancellous bone el astic modu-
lus (E). The joint force angle was measured from a neutral or average joint force angle as
determined in telemetric hip force studies (Kotzar et a., 1995) and thus described deviations from
an expected joint force angle. The frequency of the (E;, Q j) combinations were described by a
discrete joint probability distribution, gjj, to reflect in vivo variations (Figure 2).

The structural response, Y, was a linear combination of two competing responses,
Y =wS+(1-w)D (13)

where w was aweighting factor ranging between zero (Y = D) andone (Y = S).
S was the absolute value of a normalized bone remodeling signal (Huiskes et al., 1992)
defined as the difference in strain energy density at location i in the intact femur (U ;) and femur

with implant (U;), normalized by U

oi !
n n
[o]
S= 4 hi{|Ug —U;| Ug} = @ hy|1-U;=U
i=1 i=1

(14)

oi|



where n was the total number of measurement sites in the bone and h; was aweighting factor for
location i. Strain energy density was measured on the bone surface along the periprosthetic
medial and lateral aspects and each measurement site was weighted equally. A distinction was not
made between a positive or negative remodeling signal implying that both bone resorption and
bone hypertrophy were undesirable, although only the former was observed.

D was a normalized measure of implant rotation in the frontal plane (“toggle”) defined as,

D = max; - 1 v, m(fsi—fp i) (15)
max; - 1, 1/4,m(f S0, i —f bo,i)

where m was the total number of measurement sites and f was the slope of the bone (b) or
implant stem (s) in the anterior-posterior plane. The relative slope shown in the numerator was
normalized by the relative slope of the worst-case condition (denominator), denoted with a sub-
script 0. The worst case (maximum relative slope) was achieved by completely removing the dis-
tal portion of the implant. Measurement of implant toggling (D) was made in the proximal
wedged region of the implant denoted by lines around the implant in Figure 2.
Referring to Equation 1, the optimization formulation was,
Minimize: L(b,d) = § § Y(b. d, E;, Q))g; (16)
o

The optimal value of (b, d) was checked to ensure that the implant stress (s ;) was less than its

fatigue strength (S; ),
s¢(b,d, Ej, Q))-S{£0 "1, a7)

Bone-Implant System. The proximal implant geometry was based on a cobalt chromium
(Eg. = 200,000 MPa, S » 350 MPa) Ranawat-Burstein Implant (Biomet, Inc. Warsaw IN) and
the distal portion was modified to represent different combinations of the distal stem design vari-
ables (b, d) (Figure?2).

The femoral geometry and material properties were based on a composite material analog

of the human femur (“sawbones,” Pacific Research Laboratories, Vashon WA) representing a



medium to large male (Figure 2). The properties of the fiber composite representing cortical bone
(Ecort = 18,600 MPa) and polyurethane foam representing cancellous bone (E = 60, 200, or 400
MPa), reported by Pacific Research Laboratories, were similar to those of real bone. A sawbones
femur was used, instead of a cadaver femur, to provide a standard basis for comparison between
different implant studies. In addition, we anticipate using these femurs in similar physical experi-
ments.

Computer Models. Axisymmetric beams on elastic foundation (BOEF) finite element
models were used to simulate the bone-implant system (Figure 3). Huiskes (1980) adapted BOEF
to the analysis of intramedullary devices and this method has since been employed by other
researchers for implant studies (Bechtold and Riley, 1991, O'Neil, 1987, Poddar, 1984). The
implant was modeled as a beam of varying axial and flexural rigidity (EA and El). Axial and flex-
ural rigidities of the bone beam (cortical shell) were based on cross-sectional CT scans of the
femurs (GE Spiral Scanner, “High Speed Advantage”, 1 mm slices at 3 mm increments). Pixel-
based composite beam cal cul ations were performed using the geometry determined from the CT-
scans and the material properties reported above.

The bone and implant beams were coupled by an elastic foundation used to model the
space filling cancellous bone (polyurethane foam). Transverse and axial stiffness properties
(C,, C,) were based on equations developed by Huiskes (1980) with modifications to account for
the “wedging” effect caused by the proximal implant taper. In the distal region of the implant
where foam was not present, the elastic foundation was assigned properties of cortical bone
(epoxy). Two interface conditions can be modeled, zero friction and perfectly bonded. We
assumed that the true frictional interface condition lies somewhere between these two extremes
and calculated an average response. Structural properties for implant, bone, and foundation are
shown in Figure 3 for a sample implant configuration (b = 25 mm, d = 10 mm).

The bone was constrained distally (zero deflection, zero slope), 90 mm distal to the

implant tip, and the distal implant stem was unconstrained. The nominal load acting on the femo-

ral head (Table 1) was based on in vivo telemetric hip force measurements (Kotzar et a., 1995)
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and the greater trochanter load was determined from a musculoskeletal model of a typica male
patient and a muscle reduction analysis similar to Paul (1967). This loading condition represented
a nominal or neutral load about which fluctuations in load angle occurred. Equivalent bending
moments, transverse forces, and axial forces were applied to the most proximal portions of the
beams representing the implant and bone.

The models were solved for nodal displacements, forces, and moments using the CBOEF
Toolbox developed at Cornell University for use with Matlab (The Mathworks, Inc., Natick MA).
Stresses and strains in the bone and implant were then derived from displacements, forces, and
moments using standard finite element equations for beams.

Validation Procedure. It isimportant to distinguish between two types of validation, sta-
tistical and biomechanical. In this study, we were primarily concerned with validation of the sta-
tistical procedure for finding an optimal solution. That is, given a particular underlying function,
does the statistical predictor provide a reasonable representation? It was also important, however,
to develop biomechanica models that would provide reasonable predictions of the structural
response. This second validation would ensure that the statistical procedure had been applied to a
physically motivated function and would provide a basis for extension to similar intramedullary
fixation systems.

The optimal search procedure, outlined above, was used to predict the structural response,
Y(b, d, E, Q). Specifically, a Latin hypercube sample of sixteen training sites, determined by
ACED, was used to build the EBLUP predictor, Y(b, d, E, Q). The predicted objective function
L was then computed. The Gaussian Stochastic Process (GaSP) software! was used to perform
these calculations. To validate the statistical procedure, the predicted objective, determined using
sixteen training runs of the BOEF code, was compared with the actual response surface, L, deter-
mined by computing the response at a fine grid of sites [384 combinations of (b, d, E, Q)]. The

comparison criteria were objective function value, gradient direction, and gradient magnitude.

1. GaSP was developed by Professor W. J. Welch, Department of Statistics and Actuarial Sciences, Univer-
sity of Waterloo, Ontario Canada.
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The general trends predicted by the BOEF models were compared to previous computer studies,

and experimental and clinical results.

Results

The predicted objective (Figure 4 top row) showed excellent agreement with the actual
objective (Figure 4 bottom row). Contours of the predicted objective based on the 16 computer
simulations and the actual objective, L, based on an exhaustive enumeration of the design and
environmental variables are presented for five cases ranging from w = 0 (toggle priority) to
w = 1 (bone remodelling signal priority). In each case, the gradients were similar in direction
and magnitude and the predicted optima were consistent.

Implant toggling (Y = D) was minimized when both the bullet tip length and midstem
diameter were at their maximal values (b, d,.x) (Figure 4, w = 0). The bone remodeling
signa (Y = S) was minimized when both the bullet tip length and midstem diameter were at
their minimum values (b, d,,) (Figure4, w = 1). Lessintuitive, however, was the manner
in which the two competing objectives interacted. The toggling response (D) dominated the bone
remodelling signal, Y = wS+ (1-w)D, for intermediate values of w. For example, when
implant toggling and bone remodelling responses were equally weighted (w = 0.5), the combi-

nation (B0 dmay) Still minimized the objective function.

Discussion

The statistical predictor for the structural response based on only sixteen training sites
showed excellent agreement with the actual response determined by an enumeration of all combi-
nations of design and environmental variables. It should be noted that sixteen sample runs were
relatively few and second stage sampling, within a refined subspace near the first stage predicted
minimum, could be performed to improve the prediction accuracy (see for example Bernardo et
al., 1992). Inthis study, however, sixteen sampleswere sufficient to determine the optimal implant
design.

As expected, when only the bone remodeling signal was considered in the objective, the
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most flexible design was optimal. Conversely, a cylindrical stem with no reduction was optimal
when only implant toggling was considered.

The predicted optimum was dependent on the value of the weighting factor in the compet-
ing objective function. Without other criteria, however, there is no single correct choice of the
weighting factor and its range of values between zero and unity generates a family of optimal
solutions (Bartel and Marks, 1974). This family of solutions could be presented to surgeons who
would use their expertise and experience to choose an optimal design. Alternatively, athird objec-
tive could be introduced to decide on an appropriate weighting factor. Constraints may also offer a
way to eliminate this uncertainty. For example, if, through clinical or experimental methods, a
critical measure of implant toggling were known, it could be incorporated as a constraint rather
than as a competing objective. As a result, the weighting factor would be eliminated from the
objective function.

The BOEF models were relatively simple one-dimensional, linear representations of a
three-dimensional nonlinear system. The statistical methods introduced are more appropriately
applied to complex computer models where CPU-time is of concern. The main reason for select-
ing the BOEF models was for their computational efficiency which allowed for an evaluation of
the structural response over al combinations of design and environmental variables. This*actual”
response provided a basis for validation of the statistical procedure. The results predicted by the
BOEF models, however, were consistent with previous numerical, experimental, and clinical stud-
ies cited above (Huiskes et al., 1992, Kuiper, 1993, Sumner et al., 1991, Bobyn et al., 1992,
Capello et al., 1994) indicating that the ssimplified beams on elastic foundation models were pre-
dicting appropriate trends.

The robust optimization procedure was presented in algorithmic fashion, but it is impor-
tant to realize that these methods are the focus of ongoing statistical research. For example, Latin
hypercube sampling was chosen from avariety of possible sampling schemes. This class of exper-
imental designs has two appealing features for computer experiments. First, they do not repeat

values in any dimension of x. This is a desirable feature for deterministic computer models
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because differences arising from repeated measures (“ experimental error”) do not exist. Second, a
projection of an LHS design into alower dimensional space, is aso an LHS design. Not al vari-
ablesinitially considered have an influence on the structural response. These “inactive” variables
can be easily eliminated from the analysis by considering only a subset of theinitial experimental
design. This projected design is guaranteed to be sufficiently space-filling, allowing the develop-
ment of an accurate statistical predictor. Another exampleisthe selection of the regression model.
Traditionally, a least squares approach has been used where the response is modeled as a high-
order (usually quadratic) function of all input parameters of interest. Instead, we used an alterna-
tive model that treated the deterministic response as a simple mean surface plus a draw from a
Gaussian stochastic process. In preliminary studies, this model demonstrated improved accuracy
compared with quadratic least squares. In addition, fewer observations are required to fit the sto-
chastic model than are needed to fit polynomial regression models using the method of least
squares.

The key feature of the proposed methodol ogy isto replace the calculation of a complicated
structural response by a much ssimpler predictor based on a statistical model. Thus the methodol-
ogy demonstrated here can be extended to a wide variety of important biomechanical problems.
For example, the robustness of the predicted optimal designswith respect to aternate distributions
in the environmental variables can be examined. Temporal distributions in structural properties
can beincluded in the analysis. For example, implants can be evaluated with respect to variations
in bone properties resulting from bone remodeling, bone ingrowth, and wear-debris-initiated
osteolytic processes. The effects of variationsin surgical procedure and implant alignment could
also be examined and compared with documented clinical results. From a mathematical analysis
perspective, uncertain modeling parameters and physical quantities that are difficult or impossible
to measure could be treated similarly to the environmental variablesincluded. The only difference
would be that the randomness is now motivated by uncertainty rather than by inter- or intra-
patient variations. As an example, interface conditions are difficult to measure directly but can

have a substantial effect on the behavior of the implant (Rubin et a., 1993). A range of possible
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values of interface friction could be included in an analysis by treating friction as auniformly dis-
tributed random variable with extremes corresponding to upper and lower bounds. Finally, It is
important to realize that the successful application of these methods depends on the ability to
quantify distributions of interest. Many existing technologies such as computed tomography,
magnetic resonance imaging, and roentgen stereophotogrammetric analysis will be particularly

useful in this endeavor.

Appendix A - Latin Hyper cube Sampling

Let X T S be the vector of input variables. We want to determine N values of X that are
representative of the space S. Three methods are discussed below. The first two methods, random
and stratified sampling, are described to motivate the use of the third method, Latin hypercube
sampling, to determine input sites, specifically for design studies involving deterministic com-
puter experiments.

Smple Random Sampling: A random sample of N observations is taken from the distribu-
tion of X. Random sampling is susceptible to “clustering” where only certain regions of Sare rep-
resented.

Sratified Sampling: To avoid clustering, S is divided into m distinct strata,
S={S,%, S} where§CS; = Afori® j. A samplen; observationsistaken from the dis-
tribution of X given X T S for each stratum where, § n, = N. Note that random sampling is a
special case of stratified sampling (m = 1).

Latin Hypercube Sampling (LHS): The same reasoning that led to stratified sampling sug-
gests the usefulness of stratifying on the marginal components of X. Let X be avector of lengthk,
X = (X4, %, X,) . Each component X;, i = 1,%, k, isdivided over itsrangeinto N equal strata
with marginal probability 1/N. Thisresultsin the input space being stratified into N¥ “cells” The
sampling scheme then requires N of these cells to be sampled in such a way that each marginal

stratum of each component X; is represented exactly once in the sample.
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Figure1l. Optimal search technique. Input sites were selected using Latin hypercube sampling

min

(LHS) based on initial definitions of design variable bounds (x4 x[jnax) and environmental vari-
able bounds (xI'", xT®). Once the input sites were chosen and eval uated using the computer sim-
ulations, aresponse surface form was assumed for Y (x) based on a stochastic process model, and
the Empirical Best Linear Unbiased Predictor (EBLUP) of Y was computed. The computationally
inexpensive predictor was then used in place of the computer simulations to determine the predict-
ed objective function L and to locate the optimal design Xq" -

Figure 2. Hipimplant design and femur model for optimization study. The proximal implant ge-
ometry was a cobalt chromium Ranawat-Burstein Implant (Biomet, Inc. Warsaw IN) and the distal
portion was modified to represent different combinations of the midstem diameter (d) and bullet-
tip length (b). Theimplant design concept does not represent acommercial device. Composite ma-
terial analogs (Pacific Research Laboratories, Vashon WA) represented the left femur of an adult
male. Joint force orientation, Q, was measured from a reference angle derived from telemetric
joint force measurements (Kotzar et a., 1995). A media view of acomposite femur with the fem-
oral head excised shows the polyurethane foam representing cancellous bone. The probability of
each (E;, Qj) combination was idealized by a discrete joint probability distribution, g;;, to reflect
invivo variations.

Figure 3. Structural properties for input into the coupled beams on elastic foundation (BOEF)
solver for an example implant configuration (b = 25 mm, d = 10 mm). The axial and flexural ri-
gidities (EA and El) were generally greater for the metallic implant except in the region of the re-
duced midstem diameter. Axial and transverse foundation stiffnesses (C, and C, ) were averaged
between the perfectly bonded and frictionless cases as it was assumed that the true interface con-
dition lied somewhere in between these two extremes. At the top of the figure a schematic of the
BOEF model is presented with load orientations (F, - axial force, F, - transverseforce, M, - mo-
ment) indicated.

Figure4. Contours of predicted surface (L) based on 16 samples (top row) compared with con-

tours of the actual surface (L) based on 384 samples (bottom row). Thefive columns represent dif-
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ferent relative weighting (w) of bone remodeling signal (S) and implant toggling (D). The dark

shaded regions are areas of minimum response.

Table 1. Nominal loading condition. All forces are expressed in Newtons for a 750 N patient.
Two components of force are given for the two-dimensional beams on elastic foundation analysis.
Refer to Figure 2 for coordinate system.

Axial (N) Medial (N)
Joint Contact Force -1770 -436
Abductor Muscle Force 844 488
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Figure 1. Optimal search technique. Input sites were selected using Latin hypercube sampling
(LHS) based on initial definitions of design variable bounds (x§'", xT®) and environmental
variable bounds (x2'", xT*). Once the input sites were chosen and eval uated using the comput-
er simulations, a response surface form was assumed for Y(x) based on a stochastic process
model, and the Empirical Best Linear Unbiased Predictor (EBLUP) of Y was computed. The
computationally inexpensive predictor was then used in place of the computer simulationsto de-

termine the predicted objective function L and to locate the optimal design Xq"
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Figure 2. Hip implant design and femur model for optimization study. The proximal implant
geometry was a cobalt chromium Ranawat-Burstein Implant (Biomet, Inc. Warsaw IN) and the
distal portion was modified to represent different combinations of the midstem diameter (d) and
bullet-tip length (b). The implant design concept does not represent acommercia device. Com-
posite material analogs (Pacific Research Laboratories, Vashon WA) represented the left femur
of an adult male. Joint force orientation, Q, was measured from areference angle derived from
telemetric joint force measurements (Kotzar et al., 1995). A medial view of a composite femur
with the femoral head excised shows the polyurethane foam representing cancellous bone. The
probability of each (E;, Q j) combination was idealized by a discrete joint probability distribu-
tion, g;; , to reflect in vivo variations.
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Figure 3. Structural properties for input into the coupled beams on elastic foundation (BOEF)
solver for an example implant configuration (b = 25 mm, d = 10 mm). The axial and flexural
rigidities (EA and EI) were generally greater for the metallic implant except in the region of the
reduced midstem diameter. Axial and transverse foundation stiffnesses (C, and C, ) were aver-
aged between the perfectly bonded and frictionless cases asit was assumed that the true interface
condition lies somewhere between these two extremes. At the top of the figure a schematic of the
BOEF model is presented with load orientations (F, - axial force, F, - transverse force, M, -

moment) indicated.
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Figure4. Contours of predicted surface (L) based on 16 samples (top row) compared with
contours of the actual surface (L) based on 384 samples (bottom row). The five columns rep-
resent different relative weighting (w) of bone remodeling signal (S) and implant toggling
(D). The dark shaded regions are areas of minimum response and the starsindicate the optima
for each case of w.
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