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Observing the Earth System
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Satellite Launch
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Terra Satellite (MISR Instrument Featured)
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Outline
� Multi-angle Image SpectroRadiometer (MISR) and its Aerosol Optical Depth (AOD)

products

� Kriging

� Fixed Rank Kriging (FRK)

� FRK on a MISR level 3 AOD product

� Spatio-temporal mixed effects (STME) model

� Spatio-temporal analyses of MISR AOD
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MISR Path and Coverage

MISR repeats the same path (360km wide) every 16 days

Spatio-Temporal Processing of MISR's Aerosol Optical Depth Data – p. 6/32



MISR Level 2 Aerosol Optimal Depth (AOD)

Coverage on April 1, 2001

“Non-retrieval” occurs when radiance data are missing, clouds are present, or the algorithm fails
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MISR Level 3 AOD (band 3, 558 nm), for0:5�

0:5 degree resolution on the globe

720 � 360 pixels on a half-degree by half-degree global map. Level 2 data are averaged within

each pixel
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Spatial Statistical Model
� Spatial random process:f Y (s): s 2 D g

� Measurement process:" (�) white noise withE (" (s)) = 0 , var(" (s)) = � 2v(s); � 2 > 0

� Data:Z (si ) = Y (si ) + " (si ); i = 1 ; : : : ; n

� Data vector:Z � (Z (s1); : : : ; Z (sn )) 0

� Covariance matrix:� n � n = var(Z )

� Sample size:n (for 0.5 degree by 0.5 degree resolution,n = 173 ; 405 on the whole
globe)
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Spatial Statistical Model, ctd.
� ProcessY (�) is “hidden”

� Want to inferY (�) from incompleteandnoisydataZ

� Spatial Model: Y (s) = T (s)0� + � (s) ;

where T (�) known covariates

� p� 1 unknown deterministic regression coef�cients

� (�) spatially coherent process

E (� (s)) = 0

cov(� (u ); � (v )) = C(u ; v )
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Spatial Statistical Model, ctd.
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Kriging
Kriging: Infer Y (s0) from dataZ , optimally
(Kriging � Spatial BLUP. Matheron, 1962, used the term in honor of D. G. Krige, a South
African mining engineer. It is also known asoptimum interpolation in atmospheric sciences.
For more history, see Cressie, 1991,Math. Geol.)
Kriging predictor:

bY (s0) = T (s0 )0b� + k (s0)0(Z � T b� ) ;

where
b� = ( T 0� � 1T ) � 1T 0� � 1Z

k (s0)0 = c(s0)0� � 1

c(s0 ) = ( C(s0 ; s1); : : : ; C (s0 ; sn )) 0
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Kriging, ctd.

Optimality: bY (s0) minimizes the mean squared prediction error (MSPE)
MSPE of generic predictorY @(�): E (Y (s0) � Y @(s0)) 2

Kriging variance is MSPE ofbY (s0 ):

� k (s0)2 � E (Y (s0) � bY (s0)) 2

Kriging standard error:

� k (s0) = f C(s0 ; s0) � k (s0)0�k (s0 )

+( T (s0) � T 0k (s0 )) 0(T 0� � 1T ) � 1 (T (s0 ) � T 0k (s0 )) g1=2
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Spatial Covariance Function
� Fix r , the number of basis functions

� S(u) � (S1(u ); : : : ; Sr (u )) 0; u 2 Rd ,
which are not necessarily orthogonal

� C(u ; v ) � S(u )0KS (v ); u ; v 2 Rd ,
whereK r � r is a positive-de�nite matrix

� Covariance functionC(�; �) is nonnegative-de�nite
� C(�; �) is not stationary (not a function ofu � v )
� The elements ofK are parameters to be estimated
� This can be derived from aSpatial Random Effects (SRE)model,

Y (s) = S(s)0� , where var(� ) = K
� A Spatial Mixed Effects (SME) model accounts for the mean:

Y (s) = T (s)0� + S(s)0� ;

where� p� 1 is an unknown (deterministic) parameter
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Fixed Rank Kriging (FRK)
Recall

Z = ( Z (s1); : : : ; Z (sn )) 0

� = var(Z )

� For kriging, we needvar(Z ) andcov(Y (s0); Z )

� Covariance function for SRE model implies

var(Z ) = � = SKS 0 + � 2V ;

whereS = ( S(s1); : : : ; S(sn )) 0, and

cov(Y (s0); Z ) = c(s0) = S(s0)0KS 0
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Inversion of �
� � � 1

n � n crucial for kriging.

� Inversion of � for n massive, is impossiblein general

� Spatial covariance model chosen implies only inversion ofr � r matrix needed (no
matter how largen is), wherer is �xed . For example,r = 400 , andn could be massive
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Inversion of � , ctd.
For anyn � r matrix P ,

(I + PKP 0) � 1 = I � P (K � 1 + P 0P ) � 1P 0 ;

which is a Sherman-Morrison-Woodbury identity.
Hence

� � 1 = ( � 2V ) � 1 � (� 2V ) � 1Sf K � 1 + S0(� 2V ) � 1Sg� 1S0(� 2V ) � 1 ;

which involves inversion of�xed rank K r � r anddiagonalV n � n

Substitute this into the kriging equations (judiciously) to yield maps:

Kriging surface= f bY (s0): s0 2 D g

and

Kriging standard error= f � k (s0): s0 2 D g
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Estimation of K and � 2

� (K ; � 2 ) � SKS 0 + � 2V ;

whereK r � r (positive-de�nite) and� 2(> 0) are parameters to be estimated. Consider the
Frobenius norm,

kA � B k � f tr(( A � B )0(A � B )) g1=2 ;

there is a weighted version,kA � B kw

For b� M � M anempirical binned estimateof the spatial covariance, obtain estimatesbK andb� 2

by minimizing:

k b� � � (K ; � 2 )k2 ;

where� (K ; � 2 ) is abinned version of the model
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FRK Prediction

n = 131 ; 072(256 � 512), p = 163 andr = 469
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FRK SE

REF: Shi and Cressie (2007), to appear inEnvironmetrics
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Space-Time Investigation of MISR AOD

n = 32 ; 768(256 � 128)
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Space-Time Investigation of MISR AOD
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Spatio-Temporal Mixed Effects (STME)

Model
Assume that the observedlog(AOD) process can be modeled as:

Z (s; t ) = T (s)0� t + S(s)0� t + " (s; t ); s 2 D ;

where t = 1 corresponds to data from Day 1-4,
t = 2 corresponds to data from Day 5-8,
and so forth

� � t is �xed but unknown

� � t is arandom vector with mean zero and cross-covariance matrix:

cov(� t 1
; � t 2

) � K t 1 ;t 2

ThenK t;t is symmetric and positive-de�nite, andK t 1 ;t 2 = K 0
t 2 ;t 1

� " (s; t ) is independent white noise

� Data aref Z (t ): t = 1 ; 2; : : :g, whereZ (t ) � (Z (st; 1 ; t ); : : : ; Z (st;n t ; t )) 0
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STME Models

Z (s; t ) = T (s)0� t + S(s)0� t + " (s; t ) ;

where cov(� t 1
; � t 2

) = K t 1 ;t 2 . For brevity, write

K t � K t;t ; L t � K t;t +1

Preliminary exploratory analyses indicated that over the16 days from April 1-16, 2001, we can
put � 1 = � � � = � 4 and allowK 1 ; : : : ; K 4 to be potentially different. Introduce aVAR(1)
process for� t :

� t +1 = H t � t + � t ;

whereH t is the �rst-order autoregressive matrix (to be estimated),� t has mean0, and

var(� t ) = U t (to be estimated), and� t is independent of� t
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Fixed Rank Forecasting (FRF)
Based on DataZ (t ), forecastY (s0 ; t + 1)
Assume Gaussian distributions and for ease of derivation assume all means are zero.
[Generalization to non-zero means is straightforward. In applications, we detrend the data.]
Then the STME model beomces a STRE model, and hence,

Y (s0 ; t + 1) = S(s0)0� t +1

= S(s0)0H t � t + S(s0)0� t

Z(t ) = S� t + " (t )

Hence,[Y (s0 ; t + 1) ; Z (t )0]0 has covariance matrix:

2

4 S(s0)0H t K t H 0
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FRF, ctd.

Optimal forecast isbY (s0 ; t + 1) � E (Y (s0 ; t + 1) jZ (t )) ; based on the assumptions above,

bY (s0 ; t + 1) = c0n (t )0�( t ) � 1Z(t )

Further, the MSPE is� k (s0 ; t + 1) 2 � E (Y (s0 ; t + 1) � bY (s0 ; t + 1)) 2 ; then

� k (s0 ; t + 1) 2 = � 2
0 (t ) � c0n (t )0�( t ) � 1c0n (t )

Note:

� We can also calculatecross terms,

E (Y (s01 ; t + 1) � bY (s01 ; t + 1))( Y (s02 ; t + 1) � bY (s02 ; t + 1)) :

� We give theone-step-ahead forecast. Two- or more-steps-ahead forecasts follow in a
straightfoward way from the VAR(1) model for� t .

� There is a version of FRK, where the data areZ (1) ; : : : ; Z (t ). We use theKalman
Filter to forecast� t +1 and hence forecastY (s0 ; t + 1) = S(s0)0� t +1 .
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Estimation in FRF
We need estimators forK t , H t , andU t . Based on the model above (STRE model with a
VAR(1) process on the random effect),

var(� t +1 ) � K t +1 = H t K t H 0
t + U t

cov(� t ; � t +1 ) � L t = K t H 0
t

Hence

H t = L 0
t K � 1

t

U t = K t +1 � L 0
t K � 1

t L t

� We can obtainbK t +1 and bK t by binning and then minimizing theFrobenius norm
between the empirical (binned) covariance matrix and the theoretical covariance matrices
at timest andt + 1 , respectively.

� We can obtainbL t by using the samebinning and calculating empirical (binned)
temporal cross-covariances. The theoretical cross-covariances depend onL t ; see below.

� Substitute bK t +1 , bK t , andbL t into the equations above toobtain bH t and bU t .
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Estimation of L t

RecallZ (t ) = S( t ) � t + " (t ), whereS( t ) replacesS to emphasize that dataZ (t ) are observed at
possibly different locationsst; 1 ; : : : ; st;n t . Hence,

C (t; t + 1) � cov(Z (t ); Z (t + 1)) = S( t ) L t S( t +1) 0

Let bC (t; t + 1) be an empiricalbinned estimate of the temporal cross-covariance. Then the

theoretical cross-covariance isS
( t )

L t S
( t +1)

, whereS
( t )

is a binned version ofS( t ) .
We obtainL t by minimizing

k bC (t; t + 1) � S( t ) L t S( t +1) 0
k2 ;

wherekA � B k � f tr(( A � B )0(A � B )) g1=2 is theFrobenius norm
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Spatio-Temporal Analyses of MISR AOD
After removing the trendT 0�̂ t , we model the residual processR(s; t ) � Z (s; t ) � T (s)0�̂ t as

R(s; t ) = S(s)0� t + " (s; t )

� We �rst obtain bK t andbL t at timest , then we getbH t � bL 0
t

bK � 1
t

� We forecastR(s0 ; t + 1) by FRF bR(s0 ; t + 1) = S(s0)0bH t bK t Sb�( t ) � 1R (t)

� The performance of forecasting is evaluated byMean Square Prediction Error (MSPE)
of prediction at timet + 1

MPSEt +1 =

vu
u
t 1

n t +1

n t +1X

i =1

�
bR(si ; t + 1) � R(si ; t + 1)

� 2

� FRF is compared to predictions of {Z (s; t + 1) } by using0, { Z (s; t )g, IDW, andNNS
based on {Z (s; t )}
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Prediction Error Comparison
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Prediction Error Comparison
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� E represents theFRF MSPE5 based onR(s; 4), bK 4 , and bH 4 � ( bH 1 + bH 2 + bH 3 )=3
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Conclusions and Acknowledgments
� FRK: Computations areO(n) as compared to the usual kriging where they areO(n3 ).

All n data are used to produce the optimal linear predictor

� FRF through Spatio-Temporal modeling: Using current and past data, lagged-time
dependence helps to improve forecasting over that using only current data
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