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Multi-angle Image SpectroRadiometer (MISR) and its Aer@yatical Depth (AOD)
products

Kriging

Fixed Rank Kriging (FRK)

FRK on a MISR level 3 AOD product
Spatio-temporal mixed effects (STME) model
Spatio-temporal analyses of MISR AOD
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MISR repeats the same path (360km wide) every 16 days
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Aerosol Optical Depth, APR 1, 2001
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“Non-retrieval” occurs when radiance data are missingjd$oare present, or the algorithm fails
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Aerosol Optical Depth, APR 1 to 16, 2001
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720 360 pixels on a half-degree by half-degree global map. Leveltd dee averaged within

each pixel
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Spatial random proces8Y (s):s2 Dg

Measurement process( ) white noise withE ("(s)) = 0 , var("(s)) = 2v(s); 2> 0
Data:Z(sij) = Y(sj)+ "(si);i=1;:::;n

Data vectorZ  (Z(s1);::::Z(sn))°

Covariance matrix.: n n = vanZ)

Sample sizen (for 0.5 degree by 0.5 degree resolutians 173 ; 405 on the whole
globe)
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Process () is “hidden”
Want to inferY () from incompleteandnoisydataZ
Spatial Model: Y(s)= T(s)® + (s);
where T () known covariates
p 1 unknown deterministic regression coef cients
( ) spatially coherent process
E( (s))=0
cou( (u); (v))= C(u;v)
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= (T + )+
= T o+ +")
T +

= varnZ)= var( )= var( )+ van")

C+ 2V
2 3 2 3
C(s1;s1) C(s1;52) C(s1;Sn) v(s1) 0 0
C(s2;s1) C(s2;s2) C(s2;sn) ZE 0 v(s2) 0
+
C(sn;s1) C(sn;s2) C(sn;sn) 0 0 V(Sn)
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Kriging: InferY (sg) from dataZ, optimally
(Kriging  Spatial BLUP. Matheron, 1962, used the term in honor of D. @gé& a South
African mining engineer. It is also known agtimum interpolation in atmospheric sciences.
For more history, see Cressie, 1981ath. Geol)
Kriging predictor:

P(s0) = T(s0)% + k(s0)AZ Tb);

where b = (TO 1T) 110 15
k(so)® = c(s0)® 1
c(so) = (C(so;s1);:::;C(S0;sn))°
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Optimality: ' (So) minimizes the mean squared prediction error (MSPE)
MSPE of generic predictor @( ): E(Y (so) Y @(sp))?2

Kriging variance is MSPE 0P (so):
«(s0)”>  E(Y(s0) ¥(s0))?
Kriging standard error:

«(so) = fC(so;s0) k(s0)°k (so)
+(T(s0) ThR@so)AT? T) Y(T(so) T%(s0))g*?
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Fix r, the number of basis functions
S(u)  (S1(u);:::;Sr(u)%u 2 RY,
which are not necessarily orthogonal
C(u;v) S(U)%KS (v):u:;v 2 RY,
whereK ;  is a positive-de nite matrix
Covariance functioi© ( ; ) is nonnegative-de nite
C(; ) is not stationary (not a function of V)
The elements oK are parameters to be estimated
This can be derived from @patial Random Effects (SRE)model,
Y (s)= S(s)? ,wherevaf )= K
A Spatial Mixed Effects (SME) model accounts for the mean:

Y(8)= T(9)° +S(s)° ;

where p 1 is an unknown (deterministic) parameter
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Recall

vanZ)

For kriging, we needarn(Z) andcovY (sp);Z)

Covariance function for SRE model implies

va(z)= = SKS%+ ?2v;

coUY (Sp);Z) = c(sp) = S(so)kS
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1
n n

Inversion of  for n massive isimpossiblein general

crucial for kriging.

Spatial covariance model chosen implies only inversion ofr matrix needed (no
matter how large is), wherer is xed . For exampler = 400, andn could be massive
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Foranyn r matrixP,
G+PkP 9 =1 Pk 1+pP%P) 1pY;

which is a Sherman-Morrison-Woodbury identity.
Hence

l:( 2V) 1 ( 2V) 1SfK l+ SO( 2V) 1Sg 180( 2V) l;

which involves inversion ofxed rank K,  anddiagonalV n
Substitute this into the kriging equations (judiciouslky)ield maps:

Kriging surface= f*?(so): Sop 2 Dg

and
Kriging standard erro= f (sp):So 2 Dg
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(K;: 2) SKS%+ 2v;

whereK ; | (positive-de nite) and 2(> 0) are parameters to be estimated. Consider the
Frobenius norm,

kA Bk f tr(A B)XA B)g'2:

there is a weighted versiokA B ky

Forby w an empirical binned estimateof the spatial covariance, obtain estimaeandb?
by minimizing:

kb T(K; 2)K?;

where (K : 2)is abinned version of the model
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log(AOD), APR 1 to 16, 2001
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REF: Shi and Cressie (2007), to appeaEmvironmetrics
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n=32:;768(256 128)
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Assume that the observéa (AOD) process can be modeled as:
Z(s;t)= T(s)° ¢+ S(s)° { + "(s;t); s2D;

where t =1 corresponds to data from Day 1-4,

t = 2 corresponds to data from Day 5-8,
and so forth

t 1S xed but unknown

¢ Is arandom vector with mean zero and cross-covariance matrix:

coV( tq t2) Ktgits

ThenK ¢t is symmetric and positive-de nite, aritl1,;t, = K¢ ..

"(s;1) is independent white noise

Dataard Z(t):t =1;2;:::9, whereZ(t) (Z(st1;t);:::;Z (Stn (;1))°
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Z(sit)= T(s)? ¢+ S()°  + "(sit);
where coy o tz): Kt,:t,. Forbrevity, write
Kt Kzt ; Lt Kt +1

Preliminary exploratory analyses indicated that overltelays from April 1-16, 2001, we can
put 1 = = g4 andallowK 1;:::; K4 to be potentially different. Introduce\é&AR (1)

process for ;:

t+1 = Ht ¢+ ¢;

whereH « is the rst-order autoregressive matrix (to be estimate¢g)has mear®, and

var( ;) = U (to be estimated), and is independent of ,
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Based on Dat (t), forecastY (sp;t + 1)
Assume Gaussian distributions and for ease of derivatisnrmas all means are zero.

[Generalization to non-zero means is straightforward plpliaations, we detrend the data.]
Then the STME model beomces a STRE model, and hence,

Y(so;t+1) = S(s0)° (11
= S(s0)Ht ¢+ S(s0)?
Z(t) = S (+"(1)

Hence[Y (so;t + 1) ; Z(t)9°has covariance matrix:

2 3 2 3

4 S(s0)°H tK tHPS(so0) + S(s0)°UtS(s0) S(so)’H K S° 5 4 §(t)  con(t)° 5
SK tH 2S(so) SKS%+ 2v Con (1) (t)
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Optimal forecast isP (so;t+1) E(Y(so;t+1)jZ(t)); based on the assumptions above,

P(soit +1)= con()O( t) 1Z(t)

Further, the MSPE isy (so;t +1) 2 E(Y(so;t+1) ¥ (so;t +1)) 2; then

Note:

k(so;t+1)2= 3(t) con()?(t) *con(t)

We can also calculateross terms
E(Y(sor;t+1)  P(sor;t+1)( Y(so2;t+1) P(soz;t+1)) :

We give theone-step-ahead forecasfTwo- or more-steps-ahead forecasts follow in a
straightfoward way from the VAR) model for ..

Filter to forecast ;,; and hence forecadt(so;t +1) = S(S0)° (.1 -
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We need estimators fdf ¢+, H¢, andU ;. Based on the model above (STRE model with a
VAR(1) process on the random effect),

var( (.1 ) Kisr = HtK{HY + Uy
cov( t; t+1) Lt = KtHY
Hence
He = LXK, *?
U = Kpa LK, L

We can obtair® {+1 andi by binning and then minimizing th&robenius norm
between the empirical (binned) covariance matrix and thergtical covariance matrices
at timest andt + 1, respectively.

We can obtai; by using the sambinning and calculating empirical (binned)
temporal cross-covariancesThe theoretical cross-covariances depend prsee below.

Substitute R t+1 R t, andPt into the equations above ttain }th and @t.
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Recallz(t) = S(V) |, + "(t), whereS(!) replacesS to emphasize that dai(t) are observed at

C(tt+1) coMZ(t);Z(t+1)= SOLst+D°

Let® (t;t +1) be an empiricabinned estimate of the temporal cross-covariance. Then the

theoretical cross-covariance§§t) Lt§(t+l) , Where§(t) is a binned version aB()

We obtainL ¢ by minimizing

KB(tt+1) SO, s+ %2,

wherekA Bk f tr((A B)YA B))gl? is theFrobenius norm
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After removing the trend %, we model the residual proceBss;t) Z(s;t) T (s)°"¢ as
R(s;t) = S(s)° | + "(s;t)

We rst obtain® andB; at timest, then we getd P?Ibt !
We forecasR(so;t +1) by FRF R(sp;t +1) = S(so)°R:R (SR t) IR (t)

The performance of forecasting is evaluatedan Square Prediction Error (MSPE)
of prediction at timd + 1

o<

1 X
MPSE+1 = R(si;t+1) R(si;t+1)
N+l

FRF is compared to predictions of{(s;t + 1) } by using0, {Z (s;t)g, IDW, andNNS
basedonZ (s;t)}
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E represents theRF MSPE based orR(s; 4), R4, andf 4 (I}? 1+ R+ 1B 3)=3

Spatio-Temboral Processina of MISR's Aerosol Obptical beData — p. 31/32



FRK: Computations ar®(n) as compared to the usual kriging where they@(a?3).
All n data are used to produce the optimal linear predictor

FRF through Spatio-Temporal modeling: Using current arsi gata, lagged-time
dependence helps to improve forecasting over that usingoomtent data
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