Stat693C (Env. Stat.), Spring 2000 homework due: 5/30/00

Homework 5

Problem 1 Consider the process {(s) : s € D} such that E(g(s)) = 0, var(e(s)) =
0%, and if 8; # s, then £(s;) is uncorrelated with £(s3). Find the variogram
27(h) of the process ().

Solution. For s; # s, we have

2v(s1 — 82) = var(Z(s1) — Z(s2))
= var(Z(s1)) + var(Z(s3)) — 2cov(Z(s1), Z(82))
=0’+0*-0

= 20°.
Hence,

2 () = {202 if b # 0,

0 otherwise.

Problem 2 Consider the process {e(s) : s > 0}, defined in one dimension, as in
question 1. Let

(a) Show that E(W (s)) =0 and cov(W (s), W(t)) = o2 min(s, t).

Solution.
We have

E[W(s)] = E [/Oss(u)du] :/SE[s(u)]du

0
:/ Odu = 0.
0

cov(W (s), W (2)) = cov(W () + (W (s) — W(t)), W(t))

Assume s > t, then

—_
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since W (s) — W(t) = [’ e(u)du is independent of W (t) = [ ¢(u)du. Now,

var(W (t)) = var (/Ote(u)du> = /Ot var(e(u))du = /Ot o’du

= o’t.

Hence, in general, cov(W (s), W (t)) = min(s, t)o?.

(b) Find var(W(s) — W (t)).

Solution.
Assume s > ¢, then

var(W(s) — W (1)) = var ( /t Se(u)du) _ /t " var(e(u))du
=o%(s—1t),

similarly, if s < ¢, then var(W(s) — W (t)) = o%(¢t — s). Hence, in general,
var(W(s) — W (t)) = o?|s — t|.

(c) Comment on whether the process W (-) is second-order stationary or in-
trinsically stationary.

Solution.

Since var(W(s) — W(t)) = o?|s — t| and depends therefore only on the
distance between s and ¢, W(-) is intrinsically stationary. On the other
hand, cov(W (s),W(t)) = min(s,t)o? (i.e., does not only depend on the
distance between s — t), so the process is not second-order stationary.

Problem 3 Consider a spatial random process {Z(s) : s € D} and assume that
its mean and covariance function are known. That is, assume that p and C(-,-)
are

p=E(Z(s)); s€D
C(s,u) = cov(Z(s),Z(u)); s,u €D.

Suppose we want to predict Z(sg) from data Z = (Z(s1),...,Z(8,))" using the
linear predictor

Z*(s9) = Z&-Z(si) +c.
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(a)

(b)

Find ¢4, ...,¢,, c to minimize

MSPE = E(Z(so) — Z*(50))?.

Solution. Let £ = ({y,...,4,), then Z(sy) = £'Z + c and
MSPE = E[Z(sy) — (£'Z + ¢)]?
= var(Z(sg) — (£'Z +¢)) + (E[Z(sy)] — E[€' Z + c])®
=var(Z(so) — (€'Z +¢)) + (u— (£'p+ )

Now,

var(Z(sg) — (€'Z + ¢)) = var(Z(s¢)) + var(€'Z + c) — 2cov(Z(sy), €' Z + c)
= C(sy, 80) + £'3€ — 2l c,

where ¢ = (C(so, 81),- -+, C(80, 8,)) and X is the covariance matrix (X;; =
C(si,s;)). Hence,

MSPE = C(s¢,8¢) + £3€ — 2€'c+ (u— (€' + ¢))?

Taking the partial derivative gives,

GMGSEPE =—-2¢c+2%8 —2(u—£€'1p—c)
OMSPE
— o(u— €1 —c).
e (n—€1p—c)

Setting both equal to zero and plugging the second equation into the first
one gives —2¢ +2¥.£ =0, or £ = X !¢, and then ¢ = pu(1 — £'1).
Using this,

Z*(s0) = €Y HZ — p1) +p,

MSPE = C(sy, 8¢) — ¢~ 'e.

Finally, check if £=YX""c and ¢ = p(1 — £'1) minimize MSPE.

Notice that there are no restrictions in (i) to guarantee that Z*(sg) is
unbiased. Show that the solution to (i) is indeed unbiased; that is, show

E(Z*(s0)) = E(Z(s0)) -

Solution. We have,
E[Z*(s0)] = B[¢XT(Z — p1) + p] = X7 (B[Z] — p1) + p
=Y (pl = pd) +p=p
= E[Z(sy)].



