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@© Introduction
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The Premise

o The differences in individual sleep patterns may be quaudtby observing the
pattern of sleep stages and wakefulness visited throughoight of sleep.

@ The alteration of the sleep patterns as age progresses it-abserved
phenomenonariation between genders is not.

@ Times between awakenings and their frequency of occurr@mcthought to be
correlated with disrupted sleep. Aging has been believeddolt in the
progressive fragmentation of the sleep process.
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Our Goals

@ To develop a way to distinguish pathological or alteredslieem “healthy” or
unaltered sleep.

@ To quantify the distributional differences in sleep duratiimes between a grour
of young subjects and an older group.

@ To quantify the distributional differences in sleep duwattimes between males
and females.
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Our Findings

o Independence of successive sleep duration times.

@ The sleep duration times can be modeled as independenvabisas from the
generalized gamma distribution (GGD).

o Reparameterized GGD is preferred for inference.

@ Inverse of the observed information gives the closest eséno the
variance-covariance matrix of the parameter estimates.

o Differences in the GGD parameters in age and gender groups.
@ Successive wake periods can be modeled as a Markov chain.

@ Wake period sequence and sleep period sequence can betbbirgtependent
processes.
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© The Data
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Data Processing

@ The data were obtained by Dr. Charles Pollak and the staffeo€thio State
University Chronobiology Laboratory.

@ Disqualifying factors: underlying sleep pathology, pogerll health, habitual
napping, prescription medication use, and age not witteértwo speci ed age
groups.

@ 30 subjects were selected and observed continuously incehipolation for 7
days. 29 subjects' data were considered.

@ Each thirty seconds of the polysomnographs (EEG, EOG, an@ EBltings)
was coded into either wakefulness (=0), or sleep (=1) opsitages 1, 2, (3, 4),
REM. Time spent in the sleep and wake stages was determined.

Stage| 1 0 1
Time | 25 1.0 15

@ Uniform noise on( 0:25; 0:25) was added to approximate the underlying
continuous process, and 0.25 was subtracted from all dartithes to allow
values in the range d¢D; 0:25).
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Summary Stats.

Young= age in year2 [20; 35], Old= age in yearg [70; 79]

Young Old
Male 8 4 12
Female 9 8 17
17 12
# Sleep Times
Min 91
1st Qui. 167
Mean 212.1
Median 210
3rd Qui. 232.8
Max 396
Std Dev. 68.5

Number of sleep duration times observed per subject
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© The Generalized Gamma Model
o The Original Model
o The Reparametrization
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AL CYEENEIETPELREEINENVCER The Original Model

Original Parametrization

The generalized gamma distribution (GGD) was proposed &gy3tL962) to provide
a exible life testing distribution family. The density cdre written as:

b

f(x;a;b;k) = ma bkybk lexg (x=a)®g; x> O:
Weibull k=1
Exponential b= k=1
Gamma b=1
Chi Squared a= 2,b= 1,k=n=2

Decreasing density ik < 1; unimodalE(X) = a( k+ b Y)=( k).
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Reparameterization(s)

Prentice, 1974; Farewell and Prentice, 1977
The pdf ofY = log(X) forg6 0 and

= log(a) + Iogtfk); = b&R; andq= k 2 is
fly; 15 a)= (jgj o) (a 29 “exp(q Z(M )y
1 <y<1:

© maps the normal model fgronto the poing = 0.
@ maps the extreme value model ogte 1.

@ extends the family to include values@k 0 by re ecting the density at xed)
about the origin- preventing= 0 from being a boundary point.

@ is useful in maximum likelihood tting.
Let =(ab;K° and =(;; 0~
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© GG Model Fitting
o Why Reparametrize?
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Checking the Model Assumptions

© An S-plus add-on called SPLIDA developed by W. Meeker anatbigvorkers
(website) was used to tthe GGD to the sleep duration timéisgia parametric
maximum likelihood procedure. The procedure failed to @vge in only one
case out of the 29 data sets.

@ Performed Kolmogorov-Smirnov goodness of t tests. Sugggtthat the GGD
provides a reasonable t to the data.
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© An S-plus add-on called SPLIDA developed by W. Meeker anatbigvorkers
(website) was used to tthe GGD to the sleep duration timéisgia parametric
maximum likelihood procedure. The procedure failed to @vge in only one
case out of the 29 data sets.

@ Performed Kolmogorov-Smirnov goodness of t tests. Sugggtthat the GGD
provides a reasonable t to the data.

@ Test for Weibull random sample correspondsito: g = 1 in the
parametrization. Distribution df does approach normality for sample sizes as
small as 100 in the case whage 1. The Weibull distribution reasonably
described the data in 10 of the 29 data sets.

© A similar analysis using the pivotal qualities of the MLES oandq was
performed and resulted in the conclusion that the expoalatisitribution
( = g= 1) could be used to describe only 4 of the data sets.
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Checking the Model Assumptions

© An S-plus add-on called SPLIDA developed by W. Meeker anatbigvorkers
(website) was used to tthe GGD to the sleep duration timéisgia parametric
maximum likelihood procedure. The procedure failed to @vge in only one
case out of the 29 data sets.

@ Performed Kolmogorov-Smirnov goodness of t tests. Sugggtthat the GGD
provides a reasonable t to the data.

@ Test for Weibull random sample correspondsito: g = 1 in the
parametrization. Distribution df does approach normality for sample sizes as
small as 100 in the case whage 1. The Weibull distribution reasonably
described the data in 10 of the 29 data sets.

© A similar analysis using the pivotal qualities of the MLES oandq was
performed and resulted in the conclusion that the expoalatisitribution
( = g= 1) could be used to describe only 4 of the data sets.

@ Veri ed independence of successive sleep duration timesdnsforming the
observations to standard normal scores and then plottsngutocorrelation
functions.
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The CV Comparisons

The coef cient of variation (CV) is de ned as the standard/@ddion of a sample
divided by the sample mean.

parameter] A A 6 a b k
mean CV | 0.0716 0.0944 0.2284 0.8727 0.3064 0.456
sd CV 0.0331 0.0422 0.0776 1.1279 0.0972 0.155
min CV | 0.03484 0.0431 0.13440.11801 0.1892 0.268
max CV | 0.1364 0.2306 0.4142 3.9438 0.5522 0.828

U QO

Summary Statistics for Coef cient of Variations of EstiredtParameters

On the average, the CV's for the individual parameters are larger than those of th
parameters.
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I EEEE——————.. Y iy Reparametrize?
Normality Check for the MLE'spn = 100
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Normality Check for the MLE'sn = 250
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Quadratic Fit for the Log-likelihood

Log-likelihood and Quadratic Fit When g=1.16  Log-likelihood and Quadratic Fit When k=0.742
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Figure: Comparison of log-likelihood functions to their quadrat&for related g andk based on a sample of size 250
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Distance from Normal

Deviation from Normality
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1
Figure: Deviation from normality fokk andq = k 2 with n = 210 ; Sprott (1973), Biometrika
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[eleqVILENSILVIN Why Reparametrize?

SPLIDA ML Estimates Summary

Estimate| ~ A 6 k

Min 1.170 0.673 0.476 0.16
1stQu. | 2.399 0.947 0.932 0.368
Median | 2.658 1.084 1.161 0.74p
3rdQu. | 3.043 1.298 1.659 1.158
Max 3.714 1.733 2.488 4.41y
Mean 2.628 1.136 1.287 1.057
Std Dev. | 0.644 0.297 0.522 1.110

Table: Summary statistics for estimated parameters
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© Group Comparisons
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Group Comparisons

A Nested Model

o We havek groups € 4) and for thgth group, thath subject yieldsy; that is

N(j 2+ ?),where {'s areknown

Y;j: sample mean, or the
ij- se of the estimate for
Hypotheses relate to the.

¢ 6 ¢ ¢ ¢ ¢

MLE of, ,q.
thejth subject.

SAS PROC MIXED with speci eds matrix (diagonal).
MLE's of jand can be obtained.

All these random variables are mutually independent.

[param.] (1)YF 2YM (3)OF @OM [ * |
E(X) | 16.63(1.15) 13.10(1.19) 11.58(1.27) 14.36(2.03.21
2.96(.18)  2.54(.19)  2.20(.20)  2.51(.33) 0.51
0.98(.08)  1.13(.09)  1.30(.09)  1.37(.16) 0.23
q 1.36(.14)  1.12(.14)  1.00(.15)  1.14(.27) 0.33

Table: Parameter estimates and their standard errors
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The GG Curves
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Figure: Generalized Gamma pdf's of sleep duration times at the Epsires estimates of the parameters for the four
groups

The median sleep duration estimates for the YF, YM, OF, andg@pullations are
11.5, 7.9, 5.6, and 6.8 minutes, respectively.
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Likelihood Ratio Tests

parameter

Comparison| E(X) q

4 groups 0.044 0.066 0.049 0.39
YFvsYM | 0.040 0.110 0.204 0.24
YF vs OF 0.006 0.008 0.014 0.09
YMvs OM | 0.593 0.944 0.179 0.97
Mvs F 0.536 0.678 0.522 0.71
Yvs O 0.098 0.044 0.014 0.22

Oy O OT O &

Table: p-values based on likelihood ratio tests; Y: young, O: oldefmale, M: male

Conclusion:The biggest difference is between the young and old femalésging
seems to have minimal effect on males.
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© The Wake Duration Process
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A Sample Histogram
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Figure: Histogram of Wake Duration Times from Subject 9
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Auto-correlation
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Figure: Scatter Plot of lo\W+ 1) vs. log W) with noise added from Subject 9
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p-Value Distributions

Figure: Histograms of the p-values for (a) Spearman’s test of catic between (W,W) pairs, (b)? test of independence
between (W,W) pairs, (c) “ test of 1st vs. 2nd order dependence between (W,W) pairs
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Conclusions-Wake Duration Process

When the wake time series is considered on its own, it is restde to assume that it
contains a rst-order dependence structure. Within the loiihsmaller values of the
Markov chain, censoring prevents us from making distrimeai claims. In the tail
region of data over:3 minutes, the Pareto distribution as suggested by Lo etad. w
found to be inappropriate. Instead we suggest the use of a @iDhe following
estimatesWeibull seems to be a viable model.

MLE  Std.Err. 95% Lower 95% Upper
1.5493 0.08444 1.3838 1.715
1.1790 0.04479 1.0912 1.267

g | 0.8451 0.11426 0.6212 1.069

Table: Generalized gamma distribution parameter estimates éocambined wake times over 2.5 minutes, shifted to the
origin.
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The Wake Duration Process

GGD Fit for the Combined Wake Times
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Figure: Histogram of log(wake times over 2.5 min) after shifting e origin for all subjects with the superimposed tted
GGD pdf
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© Sleep-Wake Transition
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Sleep-Wake Transition Rates and Serial Dependence

For the sequence:
S Wi S5 Wa;, S Wa; i Wh 15 Sy
are the pairs
(St Wi); (S5 Wa); (Sas Wa); 55 (Sh 15 Wh 1); S
or the pairs
Si; (Wi; &); (Wa; S); i (Wh 13 Sh);
dependent in any way?
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Transition Counts

W 1 2 34 R W 1 2 34 R
W| 0 14 12 0 1| W] 0 16 18 0 1
101 0 17 o0 2| 1| 2 0 16 0 1
2011 0 0 33 7| 2|22 2 o0 12 9
34/10 1 22 o0 0|34/ 3 0 8 0 O
R|' 5 1 3 0 0| R| 8 0 4 0 0

W 1 2 34 R
W| 0 17 18 0 6
110 0 17 0 3
2028 1 0 3 14
34/ 1 0 3 0 O
R|12 3 5 0 o0

Table: Transition counts for Subject 1; periods 1, 2, and 3

Note: Lack of stationarity in the transition rates during sucaasphases of sleep.
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Sleep-Wake Dependence?

Now, are the successive sleep and wake durations correlated
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Figure: Scatter plots ofM. 1 vs. S with noise added from Subject 9
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Sleep-Wake Transition
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Figure: Scatter plots ofV vs. S 1 with noise added from Subject 9
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Sleep-Wake Transition

Chi-square Test for Independence

We bin the data and calculate thé statistic for independence. By plotting the
p-value histograms and the correlation analysis show thegeddence i(S; W) and
(\Ni; S+ 1) pairs_

Shw | 05 1.0 1.5-25 >25

0-12| 31 12 9 5
12-24| 19 8 5 1
24-36| 16 5 2 1

>36| 17 5 1 1

Table:Sleep vs. wake count matrix for Subject 1
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© cConclusions
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Reasonable Model Assumptions

© The duration of a wake time is independent of the time spdaépglirectly prior
and directly after its occurrence.

@ Successive wake times exhibit Markovian dependence.

@ Successive sleep duration times can be assumed to be irdgyien

@ Generalized gamma distributions provide a good t to theglduration times.
@ The GG model can be used to design and analyze sleep studies.
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