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e iS adapted to the history of X.




Let (€2, F,P) be a probability space supporting random vari-

ables 0, Y1,Ys,---, a counting process N = {Ny;t > 0}. Define
Ny
PROBLEM Xt = X() -+ Z Yk = X() -+ / ’yp(dS, dy), t Z 0
1 (0,t] xRd

in terms of the point process describing jump times and sizes

p((0,t] x A) £ 1 <nliveny, t>0, A BRY.
k=1

and o =inf{t >0 1: Xe #Xi-}, k=1,2,... (00 =0).
F={F}i>0 as the natural filtration of X,

G ={G}i>0, Gt = Fi VvV o{0}.
The disorder time 6 has the distribution

(1)

<l <o
Page 3 of 16 (2) P{Q — O} =T and IP){Q > t|9 > O} — €_>\t, t > 0.
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The counting process {p(t,A) = p((0,t] x A);t > 0} is a non-
__ Close |

Close homogeneous Poisson process with the (P, G)-intensity

(3) h(t, A) é AoVo(A)l{t<9} —|— >\1V1(A)1{t29}, t 2 O.
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Our problem is (i) to calculate the minimum Bayes risk

V(m) £ inf R,(w),
(4) T€F
R(m)2P{r <6} +c-E (r—6)T], we[o,1),

and (ii) to find an F-stopping time 7 where the infimum is
attained (if exists, called a minimum Bayes detection rule).
The Bayes risk R, (m) in (4) associated with every F-stopping

time 7 is the sum of
e the false alarm frequency P{r < 6}, and

e the expected detection delay cost ¢ E[(T — 0)7].
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Our problem is (i) to calculate the minimum Bayes risk

A
@ V(m) = inf R-(m),
R(m) EP{r <0} +c-E[(r—0)*], =€]0,1),
and (ii) to find an F-stopping time 7 where the infimum is
attained (if exists, called a minimum Bayes detection rule).
The Bayes risk R, (m) in (4) associated with every F-stopping

time 7 is the sum of
e the false alarm frequency P{r < 6}, and

e the expected detection delay cost ¢ E[(T — 0)7].

Standard Bayes risks include

Linear delay penalty: R, (m) =P{r < 0} + cE[(m — 0)7],

= E[(0 — )] + cEl(r - 6)7],
2 P{r < 0} 4 cE[e07 —1].

Expected miss: R(MSS) (r

T

()

RE(m) 2 P{r < 0 — e} + cE[(T — 6)T],
()
()

Expon. delay penalty: R (x

T
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Where do the disorder problems arise?

Insurance companies: Recalculate the premiums for the fu-
ture sales of insurance policies when the risk structure

changes (e.g., the arrival rate of claims of certain size).

Airlines, retailers of perishable products: Adjust the prices
when a change in the demand structure is detected (e.g.,

the arrival rate of a certain type of customers).

Quality control and maintenance: Inspect, recalibrate, or
repair tools and machines as soon as a manufacturing

process goes out of control.

Fraud and computer intrusion detection: Alert the inspec-
tors for an immediate investigation as soon as abnormal
credit card activity, cell phone calls, or computer network

traffic are detected.



2. The Model
Let (2, F,Py) be a p.s. with independent random elements:
e a Poisson process N = {N;;t > 0} with rate A,
e iid Ri-valued rv's Y, Ys, ... with distr. v(-) (10({0}) = 0),

LODEL e a rv 6 with the distribution

Po{0d =0} =7 and Py{d>0}=(1—me ™, t>0.

A compound Poisson process with arrival rate Ao and jump

distribution 1(-) is defined by

Ny
Xo=Xo+ Y Vi=Xo+ [ yplsdy), 20
k=1 (0,t]x A

in terms of the point process on (R, x RY, B(R,) x B(RY))

Page 6 of 16 p((o’t] X A) é Z 1{0k§t}1A(Yk’)7 t 2 07 A S B(Rd)
k=1

[Page 6cE |
Under Py the process {p((0,t] x A);t > 0} is homogeneous
| Close |

s Poisson process with the F-intensity Ao - 19(A). Each oy is a

jump time of X, and F is its history, and G =F Vv o{0}.
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Let A\, be a constant, and v;(-) be a probability measure on
(R4, B(RY)) absolutely continuous wrt vy(-) with RN-derivative

A dv
f) & ——(),  yeR"
Lo

Define locally a new probability measure P on (9, V>0G:) by

the Radon-Nikodym derivatives

Nt

dP D A1
0lg, k=Ny_+1 70

Then every counting process {p((0,t] x A); t > 0}, A € B(R?) is

a nonhomogeneous Poisson process with the (P, G)-intensity

(3) h(t, A) = Aovo(A) Loy + Avi(A)Lg>gy.

Since Py =P on Gy = o{60}, the disorder time 6 has the same
distribution under Py and P.
Therefore, the model under the measure P of (5) has the

same setup described in the beginning.



3. A Markovian sufficient statistic for detection problem

The Bayes risk R.(n) =P{r <0} +E[(r —0)T], # € [0,1) in (4)
for every F-stopping rule = can be written as

(6) Raﬁ):lf—w+mx1—ﬂQEoLLTe*tC@f-5>d4.

) C
A STATISTIC

The expectation in (6) is taken under the ref. p.m. Py, and
P{o < t|F

(7) o, & PO SUA)

P{6 > t|F:}

The process ® is a piecewise-deterministic Markov process:

t e Ry.

b, =2 (t — Op—1, <I>an_1) , tElon-1,0n)

b , mn>1.
®C’n — _1f(Yn)(bUn—
A0

HKOR
The fucntion x(-,¢) = {z(t,¢); t > 0} is the solution of

Page 8 of 16

%x(tv ) = A +azx(t,¢), teR, and z(0,¢) = ¢; i.e.,

z(t, ) = pa+e”[p—¢d, teER.
Here a £ X — A1 + X0, ¢q = —)\/a.
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The min. Bayes risk in (4) of the Poisson disorder problem is

U(7T)zl—7r—|—c(1—7r)-V< T ) € [0,1).

1 —m
The function V : Ry — (—o0,0] is the value function of the

discounted optimal stopping problem

®) V(o) 2 int B | ["eNg(@n e 20— o]

i

with the running cost

function

A

)
C

g(¢) = ¢ — ¢ > 0.

for the piecewise deter-
ministic Markov process
D.

| : > = »[Left: sample paths of
0 Aec ¢4 ¢ 0 M ¢

(a) ¢a >0 (b) ¢a <0 the process P]
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. Successive approximations

Let us introduce the family of optimal stopping problems

’ ¢€R+,TLZO,
TelF

(9)  Vi(¢) £ inf Eg [/OTAUn e g(Ps)ds

obtained from (8) by stopping the process ® at the nth jump

time o,, of the process X.

Proposition. For every n > 0 and ¢ € R,, we have

1 Ao
10 .
(10) C ()\+)\0

Proof. Due to the discounting and exponentially distributed

)n < V() - Val($) < 0.

jump interarrival times of X under Py. [ ]

Lemma. For every F-stopping time 7 and n > 0, there is an

Fo,-measurable random variable R, : Q2 — [0, 00| such that

TN Ont1 = (0n + Rp) Aopy1, Po-a.s. on {7 >o0,}.
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If for every bounded function w: R, — R we define

Jw(t,d) = /Ot e_(’\+’\0)“(g + Xo - Sw) (z(u, ¢))du, ¢ € [0, o]

where Sw(z) = /Rdw (i—;f(y) x) vo(dy), x € R.

then we can calculate the successive approximations {V,,(-) }n>1

of the value function V (-) by
Vo() =0, and V,()) = JoVhoi() = inf JVp_1(t,") Vn>1.
Moreover
1. V() \. V(-) (exponentially fast)
2. V(1) = JV(-) on Ry. (Dynamic programming equation)

3. The value function V() is concave and nonpositive.

4. The stopping region I' = {¢p € R : V(¢) = 0} is in the form
I' = [¢,00) for some 0 < £ < +o0.
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5. Examples

(a) Discrete jump (b) :\\—(1) =1
distributions
0.35 1T L 1 0 T 11
03 I~ =]
-1 —
025 1 =]
02 e e = - — —2 =
0.15 |- 1 4
s N y 13 jumps _
0.05 |_|-
o Wl bl Il 1) _5|||||”"||||
024628 12141618
0 T 11
1K -
2 -
_3 -1
4 F 14 jumps _
s |||||"|||||

0246 81012141618

(e) Continuous jump  (f) Gamma(2,u)

14 jumps _

|||I|IIIIIII

0246 81012141618
1

14 jumps _

1 1 |I| '”III ||

0246 81012141618

(g) Gammal(3,u)

17 jumps _

IIIII|_H,'III

02462810]214

0246 81012141618
(h) Gamma(6,u)

distributions (p =2) |

Ao = A1

Parameters: ¢ =0.2, A = 1.5, \g = 3.

> |
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(a) R(linear)

10 jumps

R (1) £ P{r < 0} + cE(r — 0)7,
P{r <0 —c}+cE(r—-6)",
— )t +cE(r —6)"
T < 0} + cEle

R©)(
mISS(
(

exp

T

T

T

)
=
)
)

l:IL-

10 jumps

6 jumps

_4 | |

a(r—0

)+

— 1]

0

J

Standard Poisson

disorder problems:

E¢ [ / e M (Dy — k) dt
0
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. Appendix

Lebesgue decomposition of the measures. Let v(-) and v(-) be
probability measures on (2, B(R?)). Then there exist a Borel

function f: R?+ [0,00] and a Borel set H C R such that

n(B) = [ fwwnldy) +m(BOH), B eBE®.

If an observation Y, falls in H, then one cannot make any
error by concluding that the change from wvy(-) to vi(-) has
happened.

In general, an alarm given for the first time by the sim-
ple rule above or the decision rule obtained in the previous

sections by applying to the measures () and

n() = [ fy)wldy),

ye:

will be optimal for the linear penalty in (4).
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