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Abstract

Hierarchical Bayes models provide a natural way of incorporating covariate

information into the inferential processthrough the elaboration of regression

equations for one or more of the model parameters,with errors that are often

assumedto be i.i.d. Gaussian. Unfortunately, building adequate regression

models is a complicated art form that requiresthe practitioner to make numer-

ous decisionsalong the way. Assessingthe validit y of the modeling decisionsis

often di�cult.

In this article I develop a simple and e�ectiv e device for ascertaining the

quality of the modeling choicesand detecting lack-of-�t. I specify an arti�cial

autoregressive structure (AAR) in the probabilit y model for the errors that

incorporates the i.i.d. model as a special case. Lack-of-�t can be detected by

examining the posterior distribution of AAR parameters. In general,posterior

distributions that assign considerablemass to a region of the AAR parame-

ter spaceaway from zero provide evidencethat apparent dependenciesin the

errors are compensating for misspeci�cations of someother aspects (t ypically

conditional means)of the model. I illustrate the methodology through several

examplesincluding its application to the analysis of data on brain and body

weights of mammalian speciesand responsetime data.

Keyw ords: Allometry; Asymptotic normality; Autocorrelation; Hierarchical models;

Responsetimes.

1 In tro duction

It is common statistical practice to evaluate the �t of a model by examining the

behavior of the realizedresiduals.For example,in multiple linear regressionanalyses
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(Weisberg1985),the residualsareoften plotted againstoneof the covariatesor against

the predicted valuesof the corresponding cases.The plots are then scannedfor the

presenceof non-randompatterns that would call into question the assumptionof an

i.i.d. error structure. Realizedresidualsincompatible with i.i.d. errors may indicate

inadequaciesin the modelandsuggestavenuesto improvethe �t (e.g.,transformations

of the responseand/or someof the predictors, introduction of newpredictors, removal

of old predictors, etc.). The use of residual plots and related diagnostics (added

variablesplots, q-q plots, etc.) is well establishedin the frequentist arenaandvirtually

all statistical software packagesprovide easyaccessto computational and graphical

tools to perform residual-basedmodel checks.

Hierarchical Bayes models (Carlin and Louis 2000, Gelman, Carlin, Stern, and

Rubin 2004) provide a natural way of incorporating covariate information into the

inferential processthrough the elaboration of regressionequations for one or more

of the model parameters,with errors that are often assumedto be i.i.d. Gaussian.

The approach is conceptuallysimple and the development of e�cien t Markov Chain

Monte Carlo (MCMC) computational techniqueshas made its implementation fea-

sible even in rather complicated settings, especially since 
exible and user-friendly

computational environments such as BUGS (Spiegelhalter,Thomas, Best, and Gilks

1996a)and WinBUGS (Spiegelhalter,Thomas, Best, and Lunn 2003) have become

available. Unfortunately, building adequateregressionmodels is a complicated art

form that requiresthe practitioner to make numeroushard decisionsalong the way.

By comparisonto its frequentist counterpart, the contents of the Bayesian model-

building toolbox look quite scanty. All the more so when the regressionmodel to

be constructed is for a parameter at a higher stagein the hierarchy|a quantit y for

which, typically, the intuition is not as well developed as the intuition for quantities
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that are directly observable.

In this article I demonstratethat residualanalysisis alsoa powerful diagnostictool

for Bayesianmodel building. Rather than examiningthe realizedresidualsdirectly (a

di�cult task, especially whenthe regressionmodelsare for parametersthat appearat

higher levels of the model hierarchy), I introduce an arti�cial autoregressive (AAR)

structure in the probability model for the errors that incorporatesthe i.i.d. model as

a special case. Lack-of-�t can be detected by examining the posterior distribution

of the AAR parameters. In general,posterior distributions that assignconsiderable

massto a region of the AAR parameterspaceaway from zeroprovide evidencethat

apparent dependenciesin the errors are compensating for misspeci�cations of some

other aspects (typically conditional means)of the model.

Econometricianshave long recognizedthat, given a data vector Y whoseelement

are collectedsequentially over time, the misspeci�cation of the designmatrix X in

a linear regressionmodel Y = � X + e can induce autocorrelation in the elements

of e (Judge, Gri�ths, Hill, and Lee 1980). Within this context, the Durbin and

Watson test is the earliest and most popular frequentist technique for detecting au-

tocorrelation in the residuals(Durbin and Watson 1950and 1951). More recently, a

Bayesiancomparisonof regressionmodelswith i.i.d. and AR(1) errors waspresented

in Carota (1998). In econometricapplications the misspeci�cation of the designma-

trix is typically di�cult to remedy, due in part to the fact that someof the important

regressorsmay not be known or measurable.Thus, econometriciansend up retaining

the misspeci�ed X and are principally concernedwith the impact that the presence

of autocorrelation has on the estimation of � and how to optimally estimate � in

its presence.Bayesianestimation in this context is considered,for example,by Zell-

ner and Tiao (1964) using locally uniformly priors on the model parametersand in
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Chapter 5 of Judgeet al. (1980) using Je�reys' prior.

The basicpremisethat model misspeci�cation leadsto autocorreletederrors also

motivatesthe development of the diagnostic tools presented in this article. However,

the perspective hereis essentially opposite than in econometrics:the aim of the diag-

nosticsis to assesslack-of-�t, uncover speci�c shortcomingsof the model, and suggest

possibledirections for further elaboration and improvement that would make a model

with conditionally i.i.d. errorsappropriate. The applicability of the AAR error struc-

ture to uncover lack-of-�t in the context of elaborate Bayesianhierarchical models is

very 
exible and can be readily implemented using popular MCMC simulation soft-

ware. While the AAR structure implies that the observations are ordered,I neednot

require that they be collectedover time. As the examplespresented throughout the

article will make clear, in certain casesthe ordering will be indeed determined by

the time when the observations arose,in others it will be suggestednaturally by the

speci�c application, and in others yet it will be entirely arbitrary.

The remainderof the article is organizedasfollows. Section2 builds someintuition

for the techniqueby consideringan elementary exampleand deriving someasymptotic

properties. Sections3 and 4 evaluate the performanceof the technique in a variety

of settings using simulated and real data respectively. Finally, Section5 contains a

brief discussionand someconcludingremarks.

2 In tuition and Asymptotic Considerations

In this section, I considera simple model for which direct closed-formcalculation

can be performedand present someasymptotic results to develop intuition and mo-

tivate the development of model diagnosticsbasedon the speci�cation of AAR error
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structures.

Example 2.1 I am planning to collect n i.i.d. observations, yi , from a N (� y; � 2
y) dis-

tribution with known variance� 2
y and to make inferenceabout the unknown mean� y.

My friend Pythia claimsshehasthe abilit y to make inferenceswithout seeingthe data

and tells me that the value of the meanis equal to some�xed real number a. Pythia

has a spotty track-record of reporting the right meanand I wish to verify her asser-

tion by actually collecting the data and analyzing them. To do so, always assuming

conditional independenceunlessstated otherwise,I specify the following model with

AAR errors for the yi . For i = 1; : : : ; n, let

yi = a + � i ;

wherea is a �xed constant, and � 1 � N (0; � 2
1): Furthermore, for i = 2; : : : ; n, let

� i = �� i � 1 + � i ;

with � i � N (0; � 2
� ) and � � N (0; � 2

� ); where � 2
1, � 2

� , and � 2
� �xed and known. The

model hasconjugatestructure, and the posterior distribution of � is easilyseento be

normal with meanand variance

E(� jy ) =
P n

i=2 (yi � a)(yi � 1 � a)
(� 2

� =� 2
� ) +

P n
i=2 (yi � 1 � a)2

and V(� jy ) =

"
1
� 2

�

+
1
� 2

�

nX

i =2

(yi � 1 � a)2

#� 1

:

Supposethe true meanof the yi is � y = 0. Then, denoting by � y the lag-1 autocor-
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relation of the yi (which is zerobecauseof the independenceassumption),

l im n!1
1

(n � 1)

nX

i =2

(yi � a)(yi � 1 � a) =

= l im n!1

"
1

(n � 1)

nX

i =2

yi yi � 1 �
a

(n � 1)

nX

i =2

yi �
a

(n � 1)

nX

i =2

yi � 1 +
a2

(n � 1)
(n � 1)

#

= � y � a� y � a� y + a2 = a2;

and

l im n!1
1

(n � 1)

nX

i =2

(yi � 1 � a)2 =

= lim n!1

"
1

(n � 1)

nX

i =2

y2
i � 1 �

2a
(n � 1)

nX

i =2

yi � 1 +
a2

(n � 1)
(n � 1)

#

= � 2
y � 2a� y + a2 = � 2

y + a2:

Thus, l im n!1 E(� jy ) = a2=(a2 + � 2
y) and l im n!1 (n � 1)V(� jy ) = � 2

� =(a2 + � 2
y):

The asymptotic posterior meanof � is zero if Pythia is right (i.e., when a = 0). The

further sheis from the truth (i.e., the larger a2 is), the closerthe asymptotic posterior

mean of � will be to one. The asymptotic variance, in turn, is determined by the

relative sizesof � 2
� and a2 + � 2

y . Theseconsiderationssuggestthat draws from the

posterior distribution of � can be usedto diagnosePythia's accuracy. A histogram

of posterior � valuescentered somewherein the neighborhood of zerowould give no

indication that her guessshould be questioned.

From a moregeneralperspective, let f and g besmooth functionson a �nite closed

interval, that, without loss of generality, can be taken to be [0; 1]. I will consider

regular in�ll asymptotics,assumingthat the true data generatingmechanismis given

by yi = f (i=n) + ui ; where, for i = 0; : : : ; n, the ui are independent normal errors
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with mean zero and variance � 2
u. The �tted model with AAR errors is given by

yi = g(i=n) + � i ; with � i = �� i � 1 + � i ; wherethe i.i.d. zero-meannormal noiseprocess

f � i g hasvariance� 2
� and is independent of the true noiseprocessf ui g.

Let r (t) = f (t) � g(t) denote the bias at the point t induced by �tting the

wrong regressionfunction g. Simple algebraic manipulations yield [r (i=n) + ui ] =

� [r (( i � 1)=n) + ui � 1] + � i : Treating the processzi = [r (i=n) + ui ] as zero-meansta-

tionary, � is estimatedconsistently for any �xed n by

�̂ n =
(n + 1)� 1

P n
i=1 zi zi � 1

(n + 1)� 1
P n

i=0 (zi )2
: (1)

As n goesto in�nit y, the numerator of Equation (1) convergesto the limit of

P n
i=1 r (i=n)r (( i � 1)=n)

n + 1
+

P n
i=1 r (i=n)ui � 1

n + 1
+

P n
i=1 r (( i � 1)=n)ui

n + 1
+

P n
i=1 ui ui � 1

n + 1
:

By the de�nition of a Riemann sum, the �rst term in the summation convergesto
R1

0 r 2(t) dt. Also, becauseof the smoothnessassumptionson f and g and of the vari-

ousdistributional assumptions,the SLLN implies that the last three terms converge

to zero. Hence the numerator convergesto
R1

0 r 2(t) dt: Similarly, the denominator

convergesto the limit of

P n
i=0 r 2(i=n)
n + 1

+
2

P n
i=0 r (i=n)ui

n + 1
+

P n
i=0 u2

i

n + 1
:

The �rst term in the summation convergesto
R1

0 r 2(t) dt, the secondterm converges

to zero, and the last term convergesto � 2
u. Hence the denominator convergesto

R1
0 r 2(t) dt + � 2

u. Combining the results for the numerator and the denominatorshows
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that �̂ n convergeswith probability one to

R1
0 r 2(t) dt

R1
0 r 2(t) dt + � 2

u

: (2)

The expressionin Equation (2) can be interpreted as a signal to noise ratio for de-

tecting unmodeledtrend: the integrated squaredbias in the numerator quanti�es the

amount of unmodeled trend and the denominator quanti�es the amount of unmodel

trend plus the amount of noisein the data.

In practice g(t) is unknown. A full Bayesian model would typically specify a

parametric family g(tj� ) to which g(t) belongsas well as a prior distribution for

the model parameters� ; �; and � 2
� . For any �xed n, the model will de�ne a like-

lihood pn (y n j(� ; �; � 2
� )) for the data y n = (y0; : : : ; yn ) collected under the regular

in�ll scheme. Let (� � ; � � ; (� �
� )2)n be the value of (� ; �; � 2

� )) that minimizes the

Kullback-Leibler divergenceof pn (y n j(� ; �; � 2
� )) from the true distribution of the data,

pn (y n ), let (� � ; � � ; (� �
� )2) = limn!1 (� � ; � � ; (� �

� )2)n , and let V(� ; �; � 2
� ) = limn!1 [(n+

1)I n (� ; �; � 2
� )]� 1, where I n (� ; �; � 2

� ) denotesthe Fisher information matrix basedon

a sample of size n + 1. Under suitable regularity conditions (seeGelman, Carlin,

Stern, and Rubin (2004) for the caseof i.i.d. observations),
p

n + 1 times the joint

posterior distribution of (� ; �; � 2
� ) will convergeto a normal distribution with mean

(� � ; � � ; (� �
� )2) and covariancematrix V[(� � ; � � ; (� �

� )2)]. Marginally,
p

n + 1 times the

posteriordistribution of � will convergeto a univariate normal distribution with mean

� � =

R1
0 [r � (t)]2 dt

R1
0 [r � (t)]2 dt + � 2

u

(3)

and variance (� �
� )2=(

R1
0 [r � (t)]2 dt + � 2

u): The expressionfor the mean � � is the same

as expression(2) (and can be interpreted similarly), except that r (t) is replacedby
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r � (t) = f (t) � g(tj� � ), where g(tj� � ) is the member of the family g(tj� ) that best

approximates f (t) in the senseof minimizing
R1

0 (f (t) � g(tj� ))2 dt. An illustration of

this asymptotic approximation is presented in Example 3.1.

3 Examples Using Simulated Data

In this section,I examinethe �nite sampleand asymptotic performanceof the AAR

diagnosticdeviceby presenting somesimulated data examples.To explain the intu-

ition behind the methodology, the examplesin this sectiondeal with simple models

for which more direct diagnosticscan be readily developed. In several casesthe pos-

terior distributions of the AAR parameterscould be derived using low dimensional

numerical integration, but I choseto estimate them by MCMC simulation to re
ect

the way in which the diagnosticdevicewould typically beusedfor generalhierarchical

Bayesmodels.

Example 3.1 This exampleillustrates the methodology in the context of a linear

regressionmodel. The data set is comprisedof n = 101 pairs of observations (x i ; yi )

simulated from the model yi = 1:0 + (0:1)x i + ui ; where, for i = 0; : : : ; n, x i = i and

the ui are independent standard normal errors.

Using BUGS, I �t several regressionmodels with an AAR error structure and

a possibly misspeci�ed slope. For i = 0; : : : ; n, I assumethat yi = � + bxi + � i ;

where b is a �xed constant and � � N (0; 103): The errors � i have the samebasic

AAR structure as in Example 2.1, but now the variances� 2
1 and � 2

� are given inverse

gamma prior distributions. Speci�cally, � 1 � N (0; � 2
1); and, for i = 1; : : : ; n, � i =

�� i � 1 + � i ; with � i � N (0; � 2
� ); 1=� 2

1 � Gamma(2:5; 10:0), 1=� 2
� � Gamma(0:1; 0:1);

and � � N (0; 1:0):

9



Figure 1 displays the data and �v e �tted regressionlines corresponding to �v e

speci�cations of the slope b in the regressionequation. The �v e values of b under

consideration are b1 = 0:10; b2 = 0:09; b3 = 0:07; b4 = 0:05; and b5 = 0:00: For

1 � j � 5, the equation of the �tted regressionline is given by y = �̂ j + bj x;

where �̂ j is an estimate of the posterior mean of � obtained by averaging 1; 000

posterior draws generatedby BUGS basedon the model with slope bj . In each of

the �v e cases,I discardedthe �rst 10; 000 draws and subsampledevery tenth of the

subsequent 10; 000 ones. Denoting by �y the samplemean of the observed y values,

each estimatedintercept �̂ j arisesfrom the shrinkageof the value �y � bj � 50 towards

the prior meanof zero.

As evidencedby the �gure, the horizontal line (corresponding to slopeb5) provides

the worst �t. As x increases,the residuals from the �tted line progressively shift

from having large negative valuesto having large positive values(seethe bottom left

panel of Figure 2). This increasingtrend is due to the erroneousspeci�cation of the

conditional mean for the observations. Failure to remove the trend inducesstrong

positive autocorrelations in the residualsthat are captured by the AAR model. As

a consequence,the posterior distribution of the AAR parameter � , illustrated by the

histogram in the bottom right panel of Figure 2, is concentrated near one. Basedon

the 1,000draws from the posterior distribution of � usedto construct the histogram,

the posteriormeanis estimatedat 0.93and the 95%equal-tailedposteriorprobability

interval is [0:83; 1:01]).

The best �tting line appearsto be the one rising most rapidly (corresponding to

slope b1 = 0:1). This, of course,is not surprising becausethe data were simulated

from a regressionmodel with slope equal to 0.1. In this case,a model of indepen-

dencefor the AAR error structure (� = 0) would be appropriate asevidencedby the
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absenceof trends in the residual plot in the top left panel of Figure 2. Accordingly,

the posterior distribution of the AAR parameter � , illustrated by the histogram in

the top right panel of Figure 2, is centered in the vicinit y of zero. Based on the

1,000draws from the posterior distribution of � usedto construct the histogram, the

posterior mean is estimated at 0.02 and the 95% equal-tailed posterior probability

interval is [� 0:19; 0:24]. The intermediatecasescorresponding to slopesb2, b3, and b4,

are characterizedby correspondingly worsening�ts (seethe left intermediate panels

of Figure 2) and posterior distributions of the AAR parameter � that becomepro-

gressively more concentrated about a central location that shifts from zero towards

one(seethe right intermediate panelsof Figure 2).

The asymptotic posterior mean � � of � under regular in�ll can be computed

using Equation (3), adjusting for the fact that the the unit interval in the original

derivation of Section2 is here replacedby an interval of length 100. Note that the

initialization of the AAR processwith the speci�cation of the variance of � 1 is not

consideredexplicitly in the derivations of Section2 becauseit doesnot impact on the

asymptotic arguments. Observingthat
R100

0 (1 � 0:10t � (� + bt))2 dt is minimized at

� � = 6 � 50b, yields 100� 1
R100

0 [r � (t)]2 dt = (10b� 1)2(25=3) and

� � =
(25=3)(10b� 1)2

(25=3)(10b� 1)2 + 1
; (4)

with (25=3)(10b� 1)2 capturing the amount of unmodeledtrend and � 2
u = 1 capturing

the amount of noisein the data. Figure 3 illustrates the convergenceof the posterior

distribution of � to normality for the caseof b4 = 0:05, The three panelsdisplay, from

bottom to top, histogramsof posteriordrawsof � basedon samplesof sizes101,1,001,

and 10,001,respectively. The histogram becomemore symmetric and concentrate
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more closely around the asymptotic mean value of 0.676 calculated according to

Equation (4). In each panel, the value of the asymptotic mean is represented by

the vertical segment and the samplemeanof the posterior draws is represented by a

triangular symbol.

Example 3.2 The AAR diagnosticperformsequally well when the true conditional

meanof the observations is a polynomial of a higher degreethan the onespeci�ed by

the model. In this example, the data were simulated as yi = (0:002)x2
i + � i ; where,

for i = � 50; : : : ; 50, x i = i and the � i are independent standard normal errors.

A �rst model states that yi = � + � x i + 
 x2
i + � i ; where� ; � , and 
 � N (0; 103)

independently. The rest of the model is speci�ed as in Example 3.1. A secondmodel

incorrectly drops the quadratic term 
 x2
i in the speci�cation of the conditional mean

of the observations, while leaving all other speci�cations unchanged.

The two models yield two �tted regressioncurves. The �rst is the parabola y =

�̂ + �̂ x + 
̂ x2 obtained by averaging1,000posterior draws of � , � and 
 generated

accordingto the �rst model by running BUGS with a burn-in of 10,000and a thinning

rate of 1 in 10. The secondis the straight line obtained in a similar way on the basis

of the secondmodel's incorrect speci�cation of the functional form of the conditional

mean. The residuals from the �tted curves behave di�eren tly. In particular, the

incorrect speci�cation of the degreeof the polynomial for the conditional meangives

rise to a pronouncedquadratic trend in the residualsof the secondmodel and, in

turn, the AAR error structure tries to compensatefor the presenceof this trend.

This is re
ected in the posterior distribution of the AAR parameter� . The poste-

rior meanof � corresponding to the �rst model speci�cation is estimatedat 0.01with

95% equal-tailed posterior probability interval given by [� 0:20; 0:20]. For the incor-

rect speci�cation of the secondmodel, the estimatedposterior meanof 0.71 is much
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larger and the 95% equal-tailed posterior probability interval given by [0:55; 0:88] is

slightly narrower. This is the samequalitativ e behavior observed in Example 3.1.

Example 3.3 In this example,building on Examples3.1and 3.2, I assessthe perfor-

manceof the AAR diagnostic in the context of a linear repeatedmeasuresmodel. I

simulated repeatedmeasurements yij accordingto the model yij = ai + bi x j + cx2
j + ui;j ;

where i , 1 � i � 10, can be thought of as indexing an experimental subject and j ,

1 � j � 20, indexesa measurement taken at x j = j . For the sake of discussion,I

can think of the x j asrepresenting successive time points at which the measurements

were taken. For 1 � i � 9, I sampledindependently ai from a N (3; (0:5)2) distri-

bution and bi from a N (0:2; (0:05)2) distribution, and set ci = 0. Furthermore, I set

a10 = 2:26787,b10 = 0:44321,and c10 = � 0:01108.Thus, the regressioncurvesfor the

�rst nine subjects are linear with expectedmeasurements of 3.2 at x1 = 1 and 7.0 at

x20 = 20. The regressioncurve for the last subject is quadratic, takeson values2.7at

x1 = 1 and 6.7 at x20 = 20, and hasa horizontal tangent at x20 = 20. I generatedthe

measurement errors uij from a N (0; (0:2)2) distribution. The longitudinal regression

curvesand corresponding simulated data are depicted in the two panelsof Figure 4,

wherethe thicker lines represent the curvescorresponding to the last subject.

The correct assessment of the functional form of the regressioncurves for the

varioussubjects is of paramount importancein the analysisof repeatedmeasuresdata.

Often, the regressioncurves are modeled as low degreepolynomials. Naturally the

questionarisesof whether a straight line is appropriate or a higher degreepolynomial

is neededto improve the �t. With this question in mind, I �t the model yij =

� i + � i x j + � i;j ; where the subject speci�c regressionparametersare independently

distributed as � i � N (� 0; � 2
� ) � i � N (� 0; � 2

� ), 1 � i � 10, with � 0; � 0 � N (0; 103)

and 1=� 2
� ; 1=� 2

� � Gamma(0:1; 0:1), all independently.
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For each subject, the error terms � i;j follow the sameAAR structure introducedin

Example 3.1. Thus, there is an AAR parameter � i corresponding to each of the ten

subjects. The posterior distributions of the ten AAR parametersare summarizedby

the histogramsof Figure 5, basedon 1,000MCMC draws generatedby BUGS with a

burn-in of 10,000and a thinning rate of 1 in 10. While the posterior distributions of

the �rst nine AAR parametersdo not appear to indicate any substantial lack-of-�t,

the posterior massof � 10 is concentrated well to the right of 0, with a posterior mean

estimatedat 0.75. The AAR diagnostic tool is thus very sensitive to the inadequacy

in the speci�cation of the regressioncurve for subject 10.

4 Examples Using Real Data

Example 4.1 This exampledemonstratesthat the AAR method can also be em-

ployed when the independent variable x doesnot play the role of time and doesnot

take on equally spacedvalues. For illustration, I considerthe 100 completepairs of

brain and body weights for placental mammalian speciespublished in Sacher and

Sta�eldt (1974). In addition to the weights, the data set also recordsthe order and

sub-orderto which each speciesbelongs.This data set was usedin MacEachern and

Peruggia(2002) to illustrate the performanceof somenumerical and graphical diag-

nostic tools in detecting the shortcomingsof a simple linear regression(SLR) model

comparedto a variancecomponent (VC) model. For mammal i , I denoteby yi the

natural logarithm of the brain weight and by x i the logarithm of the body weight

recentered about the samplemeanof the log body weights. A scatterplot of the data

(not shown) suggeststhat a SLR model should provide an excellent �t to the data.

The Bayesian speci�cation of the SLR model with ARR errors says that, for
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i = 1; : : : ; 100; yi = � + � x i + � i ; where, independently, � � N (0; 104) and � �

N (2=3; (2=9)2) (see MacEachern and Peruggia 2002 for a detailed justi�cation of

theseprior speci�cations). The prior distribution of the AAR error structure follows

the samespeci�cations given in Example 3.1.

The Bayesian VC model with AAR errors incorporates random e�ect terms 
 `

and � m for the 13 orders and 19 sub-ordersin the taxonomy by saying that, for

i = 1; : : : ; 100; yi = X 0
i � + � i ; where � = (� ; � ; 
 1; : : : ; 
 13; � 1; : : : ; � 19)0 and X is the

100� (2 + 13+ 19 = 34) designmatrix constructed by adjoining a column of ones,

the column x of recentered log body weights, 13 columnsof 0-1 order indicators, and

19 columns of 0-1 sub-order indicators. The priors for � and � are speci�ed as in

the SLR model and, independently, 
 ` � N (0; � 2

 ); ` = 1; : : : ; 13; � m � N (0; � 2

� );

m = 1; : : : ; 19; 1=� 2

 � Gamma(0:1; 0:1); and 1=� 2

� � Gamma(0:1; 0:1): Once again,

the prior distribution of the AAR error structure is as in Example 3.1.

The histogramsof Figure 6, basedon 1,000draws generatedusing BUGS with a

burn-in of 10,000and a thinning rate of 1 in 10,summarizethe posteriordistributions

of the AAR parameter � for the SLR and VC models. For the SLR model, the

posterior expectation of � is estimated at 0.61 with a 95% equal-tailed posterior

probability interval givenby [0:45; 0:78]. For the VC model, the posterior expectation

of � is estimatedat 0.28with a 95%equal-tailedposterior probability interval given

by [� 0:07; 0:59].

There is a clear indication that the SLR model is not adequatelycapturing the

variabilit y in the data despite the strong linear trend evidencedby the scatterplot.

The reasonsfor this are carefully outlined in MacEachern and Peruggia(2002). Es-

sentially , the SLR model neglectsto account for dependenciesof specieswithin orders

and sub-orders. The VC model amelioratesthe situation by inducing positive cor-
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relations within thesegroups. In this example, the AAR diagnostic deviceexploits

the existenceof a trade-o� between the residual autocorrelation structure and the

presenceof random e�ects in the model (cf. Pinheiro and Bates2000,p. 398). Specif-

ically, when the correlationsbetweengroupsare not taken into considerationby the

SLR model, the residualswithin each order and sub-order tend to behave similarly

and the AAR error structure is sensitive to this grouping becausethe observation are

arrangedin the data �le accordingto ordersand sub-orders.

Onemight wonderwhat role the arrangement of the specieswithin each order and

sub-orderplays in determining the strength of the results. Figure 7 helps to address

this question. All three panelsdisplay the residualsfrom the least squares�t of the

SLR model. What di�ers is the order in which the residualsare arrangedalong the

horizontal axis. In all three panelsthe speciessub-orderssharethe samearrangement

(Marsupialia, Insectivora, Chiroptera, Prosimii, Anthropoidea, Edentata, Lagomor-

pha, Sciuromorpha, Myomorpha, Hystricomorpha, Cetacea,Fissipeda, Pinnipedia,

Proboscidea,Hyracoidea,Perissodactyla, Suiformes,Tylopoda, Ruminantia). In ad-

dition, the middle panel maintains the speciesarrangement of the original data �le.

In the top panel the speciesare rearrangedin such a way that, within sub-order,

the residualscomealong in increasingorder, so as to maximize autocorrelation. In

the bottom panel, the arrangement of the specieswithin each sub-order follows a

random permutation. Visual inspection con�rms that the autocorrelation is highest

in the top panel. The autocorrelation also appearsto be larger in the middle panel

than in the bottom one. In fact, the valuesof the lag one sampleautocorrelations

for the arrangements in the three panel are 0.6574,0.5863,and 0.4839from top to

bottom and onewould expect the posterior estimatesof the AAR parameter� in the

BayesianSLR model to follow a similar pattern.
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As it turns out, with the observations arranged as in the top panel, the poste-

rior distribution of � was estimated on the basisof an MCMC run of size1,000as

having a meanof 0.68with a 95%equal-tailedposterior probability interval given by

[0:51; 0:83]. The arrangement depicted in the bottom panel yielded a posterior mean

for � of 0.54and a 95%equal-tailedposterior probability interval of [0:35; 0:72], also

estimatedon the basisof an MCMC run of size1,000.Theseresultscon�rm the intu-

ition developed in the precedingparagraphthat the posterior distribution of � for the

arrangement in the top panel is stochastically larger than the posterior corresponding

to the the original arrangement depicted in the middle panel (posterior meanof 0.61

and 95% posterior probability interval of [0:45; 0:78], as seenearlier), which in turn

is stochastically larger than the posterior corresponding to the random arrangement

depicted in the bottom panel.

Thereare1!� 4!� 1!� 3!� 18!� 1!� 2!� 4!� 11!� 9!� 3!� 14!� 4!� 1!� 1!� 2!� 4!� 2!�

15! or approximately 1060 permutations of the specieswithin sub-orderthat preserve

a �xed arrangement of the sub-orders.In addition to the permutation depictedin the

bottom panel of Figure 7, I generatedanother 99 random permutations and �t the

BayesianSLR model with AAR error structure. The 100 estimatesof the posterior

expectation of � ranged from 0:47 to 0:70 with a mean value of 0:62 which is very

closeto the estimateof 0:61 obtained from the original data �le arrangement. All 100

estimatesarewell above the valueof 0.28obtained from the �t of the VC model. This

indicatesthat, regardlessof the arrangement of the variousspecieswithin sub-orders,

the AAR diagnosticdeviceis capableof signalingthe inadequaciesof the SLR model.

I also consideredarrangements that would only keepthe taxonomy orders �xed,

allowing for permutation of the speciesto run acrosssub-orders.Such arrangements

typically yield lower estimated valuesof the posterior mean of the AAR parameter.
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For 100 randomly generatedarrangements of this type the smallest estimate of the

posterior expectation of � was 0.36 and the largest was 0.61 with a mean of 0.51.

Here,all 100estimatedposterior expectationsweresmaller than the estimateof 0:61

obtained from the original data �le arrangement but, again, they wereall larger than

the estimate of 0.28 obtained from the VC model. Thus, grouping by taxonomic

order alone would still induce dependenciesthat are strong enough to enable the

AAR diagnostic deviceto detect the limitations of the SLR model comparedto the

VC model.

Example 4.2 In this example I look at a data set of Williams (1959). This data

set was analyzedby Carlin and Chib (1995) and Spiegelhalter,Thomas, Best, and

Gilks (1996b) to illustrate the useof Bayesfactors to comparenon-nestedregression

models. The responsevariable y is the maximum compressive strength parallel to the

grain measuredon 42 specimensof radiata pine. There are two possiblepredictors:

x, denoting the density of the specimens,and z, denoting the density adjusted for

resin content. Corresponding to the two predictors, there are two competing SLR

modelswith AAR errors that are speci�ed, for i = 1: : : 42, as

Model A: yi = � + � x i + � i and Model B: yi = 
 + � zi + � i :

Carlin and Chib (1995)and Spiegelhalteret al. (1996b)usedi�eren t transformations

of the variables in their analyseswith independent errors. Carlin and Chib (1995)

recenter the x i and the zi by subtracting o� their meanswhile Spiegelhalteret al.

(1996b) standardizethem by subtracting o� their meansand dividing by their stan-

dard deviations and they also similarly standardizethe responsevaluesyi . Slightly

di�eren t priors arealsoused. Yet, both articles report Bayesfactorsthat demonstrate
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Model A Model B
Ordering Expectation 95%Prob. Int. Expectation 95%Prob. Int.

Original � 0:02 (� 0:35; 0:32) � 0:15 (� 0:49; 0:20)
Basedon x � z 0:35 (0:00; 0:72) � 0:01 (� 0:35; 0:32)
Basedon Residuals 0:26 (� 0:10; 0:63) � 0:13 (� 0:46; 0:19)

Table 1: Posterior Estimates of � For the PinesData Example.

unequivocally how Model B provides a better �t than Model A.

I will now show how the AAR error diagnosticdeviceis able to detect the superi-

ority of Model B over Model A. In my analysesI usedthe samestandardizedvariables

x, y and z and the sameprior speci�cation as in Spiegelhalteret al. (1996b). In par-

ticular, I set � � N (0; 10� 6), � � N (0; 10� 4), 
 � N (0; 10� 6), and � � N (0; 10� 4),

independently within models,with the AAR error structure following the basicspec-

i�cation of Example 3.1, except that the shape and scaleparametersof the gamma

distribution for 1=� 2
� wereset equal to 10� 4.

In this examplethere is no natural orderingof the observations, not even a partial

ordering, such as that induced by the taxonomy of the mammalsdata set of Exam-

ple 4.1. If one �ts Models A or B using the original ordering in the data �le, the

posterior distribution of the AAR parameter � turns out to put considerablemass

around zero and no evidenceof lack-of-�t is uncovered in either case.The posterior

distributions of � corresponding to the two �ts are summarizedin the �rst line of

Table 1.

Here, however, the main concernis a comparisonof the �t provided by the two

models and the ordering of the observations should relate to this comparison. The

models di�er in the predictor they use, so the relative quality of the �t will be de-

termined by di�erences in the two predictors. This suggestsimply ordering the data

accordingto the increasingvaluesof the di�erences x i � zi (alternatively, an ordering

basedon relative di�erences, normalized for the sizeof the predictors, could also be
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used). The posterior distributions of � corresponding to the two �ts of the ordered

data are summarizedin the secondline of Table 1. While the posterior distribution

of � in Model B continues to put considerablemassaround zero, the posterior dis-

tribution of � in Model A is shifted to the right of zero, thus providing evidenceof

lack-of-�t. Model A �ts poorly systematically at those points where the di�erences

betweenthe x and y predictors are large, a feature that AAR diagnosticcan readily

detect.

A similar behavior of the posterior distributions of � can be observed when the

observations are orderedaccordingto the averagedi�erences of the residualsfor the

modelswith independent errors (or, equivalently, accordingto the averagedi�erences

of the �tted values). As a convenient shortcut, becauseof the noninformative nature

of the prior distributions, the observations can be ordered according to the di�er-

encesof the residualsfrom the least squares�ts. This approach yields the posterior

distributions for � summarizedin the third line of Table 1. Thesesummariesstill

indicate that Model B providesa superior �t, albeit not asstrongly asthe summaries

in the secondline of the table. The ordering basedon the di�erences of the residuals

is particularly useful in situations when the models being comparedcontain several,

possiblydi�eren t, predictors.

Example 4.3 In this exampleI examinethe abilit y of the AAR diagnosticdeviceto

uncover aspectsof model inadequacyin the context of a complexhierarchical model

for a largesetof responsetime data. The data werecollectedin a seriesof recognition

memory trials conductedon four subjects over ten non-consecutive days.

For each trial, a subject was initially asked to study a list of 40 words randomly

selectedfrom a databaseof 2337 common English words. The subject was then

presented with a sequenceof 40 words,20 selectedfrom the study list and 20 selected
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from words in the databasenot included in the study list. The words weredisplayed

sequentially on a computer monitor and the subject was asked to strike one of two

keyson the keyboard dependingon whether shethought the word wasan \old" word

contained in the study list or a \new" word not contained in the study list. The

times in millisecondselapsedbetween the appearanceson the words on the screen

and the keystrokes were recorded, along with an indicator of the accuracy of the

responses. Each subject participated in two trials on each day. There were thus a

total of 4 � 2 � 10 = 80 trials, each contributing 40 responsetimes.

The hierarchical model consideredhere is a re�nement of the model presented in

Peruggia,Van Zandt, and Chen(2002). For the current analysisI useda two param-

eter Weibull likelihood to model the shifted responsetimes obtained by subtracting a

value equal to 95%of the the minimum responsetime for each list from all of the 40

responsetimes for that list. (A three parameterWeibull likelihood could be usedto

model the unshifted responsetimes.) Let RTi;d;l ;w denote the shifted responsetimes,

where i; 1 � i � 4; indexessubject, d;1 � d � 10; indexesday, l ; 1 � l � 2; indexes

list, and w; 1 � w � 40; indexesword. Conditional on r i;d;l and � i;d;l ;w , the RTi;d;l ;w are

assumedto follow independently a Weibull distribution with shape parameter r i;d;l

and scaleparameter � i;d;l ;w , for 1 � w � 40:

The logarithm of the scaleparametersis endowed with a regressionstructure that

includes random e�ects � i;d;l primarily intended to model di�eren t levels of subject

speci�c learning as days go by. The regressionalso includes �xed e�ects for the

nature of the words (\old" vs. \new"), the accuracy of the responses(\righ t" vs.

\wrong"), and their interaction. In summary, I assumedthat ln(� i;d;l ;w ) = � i;d;l +

� 1 I :Oldi;d;l ;w + � 2 I :Right i;d;l ;w + � 3 (I :Oldi;d;l ;w � I :Right i;d;l ;w ) + � i;d;l ;w ; with I :Old

denoting a 0-1 indicator of an old word and I :Right denoting a 0-1 indicator of a
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correct response.For the random e�ects I assumed� i;d;l � N (� d; � 2
� ), independently,

where, also independently, � d � N(0; 10� 4) and 1=� 2
� � Gamma(10� 1; 10� 1). For

the �xed e�ects coe�cien ts I assumed� 1; � 2; � 3 � N(0; 10� 3), independently. For

the shape parameters I assumedthat, independently, r i;d;l � Exp(� d) where, also

independently, � d � Exp(� 0) and � 0 � Exp(10� 3).

The error terms � i;d;l ;w act asdiagnosticdevicesfor the stated model of conditional

independenceof the 40responsetimes within each list, following the basicAAR struc-

ture usedthroughout the article with AAR coe�cien ts � i;d;l that depend on subject,

day, and list. In this example,I speci�ed a more di�use prior for the varianceof the

�rst innovation than in the previousexamplesby assuming1=� 2
1 � Gamma(0:1; 0:1)

rather than 1=� 2
1 � Gamma(2:5; 10:0). I madethis choicebecause,with 80 di�eren t

lists, the data can contribute much information about the distribution of the �rst

innovation. The AAR structure is speci�ed with respect to a given ordering of the

responsetimes within a list. In the diagnosticanalysisthat follows I will considertwo

separateorderings, the one corresponding to the sequencein which the words were

presented to the subjects and the one corresponding to a rearrangement in which

the \new" words are madeto precedethe \old" words, while preservingthe original

ordering within each group.

For a basicdiagnosticanalysis,I quickly scannedthe histogramsof the 80 setsof

1,000realizations from the marginal posterior distributions of the AAR parameters

� i;d;l generatedusing WinBUGS with a burn-in period of 20,000and a subsequent

thinning rate of 1 in 500. Most distributions put considerablemassaround zerobut

there are several interesting casesin which the shapesof the posterior distributions

of the AAR parameterssuggestinadequaciesin the �t for certain word lists. For the

purposeof illustration I will now look at someof thesecases.
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The histogramsof Figure 8 represent estimatesof the posterior densitiesof � 1;2;1

and � 3;9;1. The posterior distribution of � 3;9;1 puts 0.97of its massto the right of zero

and hasa meanof 0.67. The posterior distribution of � 1;2;1 shows similar qualitativ e

features(if not quantitativ ely aspronounced),putting 0.91of its massto the right of

zero and having a mean of 0.50. To understand what causesthe massof the poste-

rior distributions of the two autoregressive parametersto be soheavily shifted to the

right of zero, I computedresidualsfrom the Bayesian�t as follows. With the super-

script (k), 1 � (k) � 1; 000, indexing the k-th MCMC parameterdraw, let � (k)
i;d;l ;w =

exp
h
� (k)

i;d;l + � (k)
1 I :Oldi;d;l ;w + � (k)

2 I :Right i;d;l ;w + � (k)
3 (I :Oldi;d;l ;w � I :Right i;d;l ;w )

i
and

let E
�

W (k)
i;d;l ;w

�
denotethe meanof a Weibull random variable with shape parameter

r (k)
i;d;l and scaleparameter � (k)

i;d;l ;w . The residual for the responsetime RTi;d;l ;w is then

computedas res i;d;l ;w = RTi;d;l ;w � (1; 000)� 1
P 1;000

k=1 E
�

W (k)
i;d;l ;w

�
. Note that theseare

observation-level residualswhich, although related, do not correspond directly to the

AAR error terms appearing at a higher level of the hierarchy.

The two panelsof Figure 9 display the residuals for the responsetimes of sub-

ject 1, day 2, list 1 and subject 3, day 9, list 1. After adjusting for the valuesof the

covariates, the earlier responsetimes for subject 3, day 9, list 1 appear to be slower

than the model would predict (the residualsare mainly positive) and the later re-

sponsetimes appear to be faster (the residualsare mainly negative). This systematic

departure from a random pattern in the residualsis accuratelydetectedby the AAR

parameterdiagnostic. The residualsfor subject 1, day 2, list 1 alsoappear to exhibit

a systematicpattern, corresponding to four or �v e alternating stretchesof longerand

shorter responsetimes. The pattern in the set of residualsfor subject 3 appearsto

be stronger than the pattern in the set of residual for subject 1 and this di�erence is

re
ected in the fact that the posterior distribution of � 3;9;1 is shifted further to the
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right than the posterior distribution of � 1;2;1.

Another interesting caseis the one illustrated in Figures 10 and 11, dealing with

subject 3, list 6, day 1. The left panel of Figures 10 summarizesthe posterior dis-

tribution of � 3;6;1 when the RTs are orderedaccordingto the sequencein which the

words were originally presented. The histogram is essentially symmetric about zero

and providesno indication of lack-of-�t. Contrast this to the right panel which sum-

marizesthe posterior distribution of � 3;6;1 when the RTs are rearrangedsothat those

corresponding to the \new" words are made to precedethose corresponding to the

\old" words, while preservingthe original ordering within each group. Now the pos-

terior massis heavily shifted to the right of zero. Inspection of the residual plots of

Figure 11 provides an explanation for this di�erence. The top panel, corresponding

to the original ordering, does not present any systematic pattern, but the bottom

panel suggeststhat responsesto the new words were systematically faster than the

model would predict and responsesto the old words weresystematically slower.

In this example the AAR error devicesprovide a simple and reliable meansof

scanningthe 80 word lists to examinethe �t of the model. The examination of the

histogramsof the posteriorMCMC drawsof the AAR parametersis much quicker and

easierto interpret than a direct examination of the observation-level residualsfrom

the model �t. Oncelack-of-�t is suspectedfor a certain list a morethorough analysis,

including a direct examination of the residuals, can pinpoint more speci�cally the

nature of the inadequaciesin the model. In addition to thosedescribed above, there

are a variety of additional model de�cienciesand uncharacteristic observations that

the diagnosticdeviceis able to uncover. For example,there are a few casesin which

the distribution of the AAR parameter is shifted to the left of zero, corresponding

to a systematicpattern of the residualsthat alternate rhythmically betweenpositive
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and negative values.

The complexity of thesedata makesmodeling a challenge. Overall the speci�ed

model is adequate,but therearea few lists for which the �t is not entirely satisfactory.

Even though the individual experimental tasksare relatively short (there are only 40

words in each list) and long term trends and dependenciesare not the norm, in some

casesthe assumptionof conditional independenceis seeminglyviolated. For example,

it appearsas if subject 3, in her reaction to the words in list 1 on day 9, is trying to

compensatefor a slow start in the �rst half of the list by speedingup her responsesto

the words in the secondhalf of the list. This and other typesof uncommonfeatures

cannot be captured by the basichierarchical model, but the introduction of the AAR

error structure acts as an e�ectiv e screeningtool for uncovering them.

5 Discussion

In this article I have proposeda generalprocedurebasedon AAR errors for detecting

lack-of-�t in hierarchical Bayesmodel. The principal appeal of the procedurelies in

its 
exibilit y and its easeof implementation. All examplespresented in this article

werein fact �t usingpublicly available softwarewithout any needto write customized

programs.

The most popular Bayesiantools for performing model comparisonand assessing

goodness-of-�t|suc h as,for example,Bayesfactors(KassandRaftery 1995)and their

generalizations(Bergerand Pericchi 1996;O'Hagan1995),posterior predictive model

checks (Gelman, Meng, and Stern 1996),and the nice,general-purposemethod based

on a Bayesianversionof the � 2 test for goodness-of-�t recently proposedin Johnson

(2004)|do not examinethe residualsdirectly. The behavior of the residuals,however,
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canshedmuch light on the �t of a model and suggestdirections for re�nement if lack-

of-�t is detected. The strength of the proposedmethod is that the AAR devicecanbe

applied to assessthe behavior of residualsat di�eren t levelsof the hierarchy, probing

di�eren t aspectsof the �t, without much conceptualor practical di�cult y.

Unlike other diagnosticsfor model �t basedon embedding (such as the decision

theoretical model elaboration strategy of Carota, Parmigiani, and Polson 1996and

its application to the detection of autocorrelation of the disturbancesin regression

modelsdescribedin Carota 1998),there is noexpectation that the modelproviding the

embedding (the model with AAR errors in this case)be adequate.The solepurpose

of the AAR error deviceis to detect if, and in what ways, the embeddedmodel with

independent errors is inadequate. In this respect, even though moreelaborate models

of dependencecould be considered,the �rst-order autoregressive structure is all that

is neededbecauseit is sensitive to misspeci�cations of conditional meansand is easy

to understand. In my experience, initialization of the �rst error term � 1, though

arbitrary, doesnot have a great impact on the inferential conclusions,as long as the

prior distribution of the variance� 2
1 is not too di�use.

The potential bene�ts of the method when applied to complexhierarchical mod-

els is clearly illustrated in Example 4.3. There, I introduced, at a higher level of

the hierarchy, a separateAAR error device for each of 80 sets of multidimensional

observations (the 80 setsof RTs for each of the 80 word lists). The posterior distribu-

tions of each AAR parameter is a low dimensionalsummary that can quickly detect

if the model of conditional independenceprovides an inadequate�t to the RTs for

the corresponding list. Scanningsuch summariesto assessand quantify lack-of-�t

(cf. Figures 8 and 10) is much easierthan scanningobservation-level residual plots

(cf. Figures9 and 11).
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The AAR deviceis basedon orderingsof the observations. To detect lack-of-�t, as

illustrated in the various examples,it is important not to �nd an ordering for which

the AAR parameteris signi�cant (after all there will always be such an ordering) but

to �nd a meaningful ordering for which this is true. While a routine implementation

of the method should always considerorderingsbasedon the sizeof predicted values

and of covariate values, other orderings might be suggestedby application-speci�c

considerations.
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Figure 1: Simulated Data and Five Fitted Lines for the Linear RegressionModel of
Example 3.1.
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Figure 2: Residualsfrom the Five Fitted Lines and Corresponding Histogramsof the
AAR Parametersfor the Linear RegressionModel of Example 3.1. The triangular
symbols represent the estimatedposterior meansof the AAR parameters.
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Figure 3: Convergenceto Normality Under Regular In�ll of the Posterior Distribu-
tions of the AAR Parametersin the Linear RegressionModel of Example 3.1 for the
Caseb4 = 0:05. The vertical segments represent the value of the asymptotic mean
and the triangular symbols represent the estimatedposterior meansof the AAR pa-
rameters.
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Figure 4: Simulated Longitudinal RegressionCurves (left panel) and Data (right
panel) for Example 3.3. The thicker lines correspond to the last subject who has a
quadratic regression.
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Figure 5: Histogramsof the AAR Parametersfor Example 3.3. The triangular sym-
bols represent the estimatedposterior meansof the AAR parameters.
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Figure 6: Histogramsof the AAR Parametersfor the Two Models for the Mammals
Data Fit in Example 4.1. The triangular symbols represent the estimated posterior
meansof the AAR parameters.
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Figure 7: Three Di�eren t Orderings of the Residualsfrom the Least SquaresFit of
the SLR Model to the Mammals Data of Example 4.1.
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Figure 8: Histogramsof the AAR Parametersfor Two Word Lists in Example4.3. The
triangular symbols represent the estimatedposterior meansof the AAR parameters.
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Figure 9: Residualsfor the ResponseTimes basedon the Two Word Lists Considered
in Figure 8. A symbol `N' denotesa \new" word and a symbol `O' denotesan \old"
word.
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Figure 10: Histogramsof the AAR Parametersfor Two Orderingsof a Word List in
Example 4.3. The triangular symbols represent the estimatedposterior meansof the
AAR parameters.
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Figure 11: Residualsfor the ResponseTimes basedon the Two Orderingsof the Word
List Consideredin Figure 10. A symbol `N' denotesa \new" word and a symbol `O'
denotesan \old" word.
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