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MPErK (Parametric Empirical Kriging) is MATLAB program witen for predicting the output from a
computer experiment having quantitative inputs. The pgogimplements several user specified choices
of the empirical Best Linear Unbiased Prediction. The paogr

e gives MLE or REML estimates of the correlation parameterstiie Cubic, Gaussian, Power Ex-
ponential correlation functions based on user-specifieeali regression and stationary Gaussian
stochastic process models,

e estimates the mean and variance of the Gaussian Stochastesp,
e computes the Best Linear unbiased predictions and asedgagdiction errors models,
e optionally perform cross validation estimation on therirag data.

This manual provides instructions for running the progr&action 1 introduces the Gaussian stochastic
process models that are fit. Section 2 describes the MATLAS fiised by MPErk and the inputs/outputs
of the program. Section 3 illustrates the program with exi@sp Section 4 discusses some technical
details of the program.

1 Introduction

MPErK views the output from a computer experimeyitz), as a realization from a Gaussian stochastic
process
Y(z)=f'(®)B+Z(x), xecl0,1]'CR, (1)

wheref (x) is a known vector of regression functions (usually the camist and possibly other monomials
of ), 3 is an unknown vector of regression parametég) is a zero-mean Gaussian stochastic process
with unknown variancer? and correlation functior(-|¢) with correlation parameteis For two inputs
T andwg,

COU(Z(CBl), Z(m2)) = O'QR(ml — $2|€),

whereR(-|€) is allowed to be one of the three correlation functions:



1. Gaussian correlation ]

R(my — @5/€) = [ [ expl—bi (1 — 224)7), ©)

i=1

where€ =0 = (0y,...,0,) andf; > 0fori e {1,...,d}.

2. Product Power Exponential correlation

R .’El — w2|£ Hexp 8 |~le ], (3)
where¢ = (0,p) = (01,...,04,p1, ..., pq) With 6; > 0 and0 < p; < 2.
3. Cubic correlation
le—w2|£ HR L14 — I22|9> (4)
1-— 6(1’2'71 — 1'2'72)2/922 + 6|l’i71 — l’i72|3/9?, |f |l’i71 — {L'i,g| S 92/2,
R(w1; — w9,4]0;) =  2(1 — |21 — @i 2/6;)°, if 6;/2 < |x;1 — 22| < 6;, (5)

0, if 0; < |xi1 — xi2l,
where¢ = 6 = (6,,...,6,) andd; > 0.
Estimates of the correlation parametérare obtained by either maximum likelihood (ML) or re-
stricted maximum likelihood (REML). Optimizations of thercelation parameters are carried out by the
MATLAB function f m ncon. Some details of m ncon are given in Section 4.

After estimating the model parameters, MPErK can prediairgknown outpul’(x,) given the train-
ingdataY" = (Y(xy),...,Y(x,)). Assume that

() (5)o (7))

e f,= f(=xo) istheq x 1 vector of regression functions &f(x),

where

o F = (f;(z;)) isthen x p matrix of regression functions for the training data,
o 7o = (R(xy — x1|€),..., R(xy — x,|€)) " is then x 1 vector of correlation o™ with Y (x),
o R=(R(z; — z;|§)) is then x n matrix of correlation among th¥™".

The predictor is obtained by plugging estimated correfap@rameters using the BLUP gf ),
which is

Y (xo) = [f((F'R'F)'F' R +r]R'(I, - F(F'R'F)'F'RH] Y". @)



2 Job files and inputs/outputs

2.1 Jobfiles

The MPErK program igper k. m which uses the inputs described in Section 2.2 and retumg@ut
structure as explained in Section 2.3. Next we list the MAB_grograms used bger k. mand describe
briefly their function.

e Programs used to estimate the correlation parameters

1. cor mat exp. mcalculates the Gaussian or Power Exponential correlatinatifon.
cubi ccor r f n. mcalculates the cubic correlation function.

W N

est gaussi ancor . mestimates thé; parameters for the Gaussian correlation, (2).

B

est exponent cor . mestimates thé, andp; parameters for the product power exponential
correlation function, (3).

. est cubi ccor . mestimates thé; parameters for the cubic correlation function, (5).
. cal i cat MLE. mcalls! | i k1d. mto calculate the likelihood.

5
6
7. cal i cat REM.. mcalls! | i k1d. mto calculate the restricted likelihood.
8. I i k1d. mcalculates the likelihood/the restricted likelihood.

e Programs used for Prediction and Cross Validationcarermat exp. m cubi ccorrf n. m and
correxp. m

2.2 MPErK Inputs

We list the possible values and default settings of all tipeiis next. Note that MPErK requires only’
and’ Y’ . The other inputs are optional.

e ' X' = X, ann x p matrix of inputs for training input values (required)

— n == number of training data cases
— p == number of the computer code input for each experiment

e 'Y =y, ann x 1 vector of real-valued outputs of computer code at the tingrdata sites (re-
quired)

e 'Correl ationEstimati onMethod’ € {" ML.E’',” REM.’ } where

— " M_LE' indicates the Maximum Likelihood (ML) estimation §fis to be determined
— " REM.’ indicates the REstricted Maximum Likelihood (REML) estiioa of £ is to be de-

termined
— Default: " Correl ati onEsti mati onMethod’ = ' REM.’ .
e 'Correl ationFanm |y’ € {" Power Exponential’, 'Gaussian’, 'Cubic’ }where



— ' Power Exponent i al * is the product power exponential correlation function,

— ' Gaussi an’ isthe Gaussian correlation function (the product poweoexntial family with
powers equal t@),

— " Cubi ¢’ is the product cubic correlation function,

— Default:” Correl ati onFam |y’ = ' Power Exponenti al ’.
" XPred’ = xpred, ann,.; x p matrix of n,..; new inputs at which predictions are to be com-
puted

— Nyrea IS the number of the desired predictions,

— Default: no predictions are requested.
" Regr essi onModel * = F, ann x ¢ matrix of regression functions describing the mean of the
fitted GaSP, i.e.£(Y") = F x 3, where

— ¢ is the number of regression parameters,

— Default: ann x 1 vector with elements.

" PredRegr essi onWbdel ' = F,.4, ann,,.q x ¢ matrix of regression coefficients for prediction
inputs’ Xpred’ .

— Default: ann,,.q x 1 vector with elements.
"CrossValidation : €¢{ Yes’, "No'}

— " Yes’ indicates that the program does cross validation of thanitrgidata and saves the

results in the matriout put . cv,

— " No’ indicates that the program does NOT perform cross validatio

— Default: ’ CrossVal idation” = "No’ .
"InitNunmber’ = |, a positive integer number ifil,2,...,200} used to specify the number
of the starting points in the search for the maximizer of tkelihood/restricted likelihood. The
program generateX)0 x p starting points by creating a Latin Hypercube design &ith x p points,
wherep is the number (or dimension) of the correlation paramefBng program then computes the
likelihood for each of th€00 x p choices and then picks the ‘InitNumbep £s having the largest
likelihood values at which to run the optimization routihei ncon. After runningf m ncon,

the maximizer of the likelihood from is treated as the estedacorrelation parameters used by the
program.

— Default: | = 10.

" UseCor Mbdel * = pout, a structure containing model parameters to be used indhisThe
program can directly predict the outputs and conduct cratidation.

— Default: there is no input fot UseCor Model ' .



2.3 MPErK outputs

The output of MPErk is a MATLAB structure with five objects. &lscommand of the program is of the
form

out put = perk(’X ,x,’Y ,...),

whereout put is a structure having five objects

[ —

. out put.j ob,

2. out put. cor par ns,
3. out put . est,

4. out put . pred,

5. out put . cv.

out put . j ob is a structure that describes the data, the model, and timeadisin method. The objects of
out put . j ob are

1. out put . j ob. Correl ati onFami | y returns the type of correlation function
(Power Exponent i al /Gaussi an/Cubi c).

2. output.job. Correl ati onEsti mati onMet hod returns the estimation method, which is
"M.E' /" REM.’ .

3. out put . j ob. Xis ann x p training data inputs.
4. out put . j ob. Yis ann x 1 training data outputs.

5. out put . j ob. Ranges is ap x 2 matrix having the ranges of the inputs. Title row of
out put . j ob. Ranges consists of the minimum and maximum of the inputs in dimemsio

6. out put . j ob. XPr ed is ann,,.q x p prediction inputs.
7. out put . j ob. Regr essi onMbdel = F'.
8. out put . j ob. PredRegr essi onWbdel = F,,.,.
out put . cor par s is a structure that contains the estimated correlationmpeters.

1. out put . cor par ns. t het a = 0 for the Gaussian/ Power Exponential/ Cubic correlatiorcfun
tion.

2. out put . cor par ms. power is (py, ..., pq) for the Power Exponential correlation;
out put . cor par ns. power is the vector(2,2, ..., 2) for the Gaussian correlation;
out put . cor par nms. power = Inf for the Cubic correlation.

out put . est is a structure that contains the following estimated quigsti



1. out put . est. | ogl i k is the maximized likelihood/restricted likelihood valugp(to a additive
constant-1log2w).

2. out put . est . bet ais theq x 1 vector of the MLE or REML of the regression parametgrs

~

3. out put . est . i nvRis ann x n estimated inverse correlation matiixv(R) corresponding to the
training data inputs and the estimated correlation pararset

4. out put . est . si gma2isthe MLE or REML estimation of: out put . est . si gna2 = %(y”—
FB)TR™'(y" — FB) for MLE; out put . est . si gme2 = (y" — F3)"R™'(y" — F) for
REML.

out put . pr ed contains the predictions and their estimated standarcatiesis. Note:out put . pr ed
does not exist unlessXPr ed’ is specified.

1. out put . pred. ypreds: ann,..qs x 1 vector containing the predictions.
2. out put . pred. se: ann,..4 x 1 vector containing the standard errors of the predictions.

out put . cv is a structure that contains the leave-one-out cross vam@redictions, standard errors,
and residuals. Noteout put . cv exists only if’ Cr ossVal i dati on’ =’ Yes’.

1. out put. cv. ypreds: ann x 1 vector having the leave one out predictions.
2. out put . cv. se: ann x 1 vector having the standard errors of the predictions.

3. out put . cv. resids: ann x 1 vector having the cross validation residuals.

3 Examples

We describe two examples demonstrating the use of MPErK tfHm@ng data in the two examples are
generated from the Branin function

51 , 5

1
y(l’l,l’g) = (1’2 — R Xy + ; T — 6)2 -+ 10(1 — 8_71') COS(.Tl) + 10,

for (z1,x9) € [-5,10] x [0,15] in R?. In Examplel, input variables to the Branin function have been

scaled tdo, 1]* prior to the use of MPEIK.

3.1 Example 1l

e Goal: predicty(-) for the Branin function akpr ed based on the Power Exponential correlation,
MLE, and the constant mean (i.&”,= 15;.1)); conduct cross validation.



¢ Data:

— Training data input witl21 input points obtained from a Maximin Latin Hypercube Design

X=[

eNeoNeoNoNoNoNoNoloNoNoloNoloNoNoloNeolNoNoNe

. 83333333
. 40476193
. 97619047
. 64285713
. 50000000
. 11904760
. 54761907
. 02380953
. 07142860
. 713809527
. 88095240
. 78571427
. 30952380
. 21428573
. 35714287
. 92857140
. 16666667
. 69047620
. 59523807
. 26190473
. 45238093

COO0O0LLOO0LLO00CLO00O000

40476193
26190473
54761907
30952380
97619047
16666667
02380953
45238093
83333333
11904760
73809527
92857140
07142860
35714287
69047620
21428573
64285713
59523807
78571427
88095240
50000000] ;




— Training data output¥:

y = [35.
14.
31.
19.

141.
99.
3.
97.
6.
19.
95.
181.
49.
23.
43.
2.
3.
75.
104.
43.
23.

80951
86287
41880
87899
88566
43335
88973
47380
27060
85914
50587
74214
39445
13762
09524
82392
61474
79100
11175
33586
39797] ;

— Prediction requested apr ed:

xpred =[.03333 . 03333
. 03333 . 96667
. 50000 . 50000
. 96667 . 03333
. 96667 . 96667] ;
e The MATLAB command:
outputl = perk(’ X ,x,...
Yy, ...

"Correl ationEsti mati onMet hod’ ,” MLE', . ..
"CorrelationFam |y’ ,’ Power Exponential’, ...
" Xpred’ , xpred,...

"CrossValidation ,’ Yes’);




e The output

— out put structure:

outputl =
job: [1x1 struct]
corparms: [1x1l struct]
est: [1x1 struct]
pred: [1x1 struct]
cv: [1x1 struct]

— The original job specifications:

outputl.job =
Correl ati onFam |y: ’ Power Exponenti al
Correl ati onEsti mati onMet hod: ' MLE
X: [21x2 doubl €]
Y: [21x1 doubl €]
Ranges: [2x2 doubl e]
XPred: [5x2 doubl e]
Regr essi onMbdel : [ 21x1 doubl e]
PredRegr essi onModel : [ 5x1 doubl €]

— Estimated correlation parameters:

[ out put 1. cor parns. t heta, outputl.corparmnms. power]=
7.7521 2. 0000
0. 5028 2. 0000

— Miscellaneous estimated quantities:

out put 1. est =
l oglik: -65.0905
beta: 196.4929
inv_R [21x21 doubl e]
signma2: 2.2482e+04

— Predictions and their standard errors:

[ out put 1. pred. ypreds, outputl.pred.se] =
206. 7318 9. 7680
7.4123 3. 4646
24. 4282 0. 3152
5.1921 4.3077
135.2228 13.1852




— Leave-one-out cross validation predictions, their stash@arors, and their residuals:

outputl.cv =
preds: [21x1 doubl e]
se: [ 21x1 doubl €]
resid: [21x1 doubl e]

[ out put 1. cv. ypreds, outputl.cv.se,outputl.cv.resids] =

36. 9259 3. 6393 -1. 1164
13. 1337 2.0604 1.7292
28.1294 9. 2858 3. 2894
17.7324 2.3783 2. 1466
139. 2493 6. 0951 2.6363
91. 5428 7.5190 7. 8906
16. 3134 7.0031 -12.4237
96. 6479 12. 7942 0. 8259
17.5079 11. 3540 -11.2373
19. 3533 6. 8131 0. 5059
97.2159 4.2875 -1. 7100
175. 3577 6. 4358 6. 3845
47. 4345 5. 5906 1. 9599
27.6480 2.7981 -4.5104
41. 7896 2. 2456 1. 3057

2. 1535 9. 1332 0.6704
- 0. 1582 3. 4865 3.7730
76. 4293 2.0260 - 0. 6383
104. 5654 2. 4147 - 0. 4536
45. 8473 4.8841 -2.5114
24.4108 1.4741 -1. 0128

10




3.2 Example 2

e Goal: predicty(-) for the Branin function axpr ed based on the Cubic correlation, REML, and the
process meal[Y (zq, x2)] = fo + frx1 + Paxo + [B32129.

e Data

— Training data inputs

x =[7.5000 6.0714
1.0714 3. 9286
9. 6429 8. 2143
4.6429 4.6429
2. 5000 14. 6429

-3.2143 2. 5000
3. 2143 0. 3571
-4. 6429 6. 7857
- 3. 9286 12. 5000
6.0714 1. 7857
8. 2143 11. 0714
6. 7857 13. 9286
-0. 3571 1.0714
-1. 7857 5. 3571
0.3571 10. 3571
8. 9286 3. 2143
-2.5000 9.6429
5.3571 8. 9286
3. 9286 11. 7857
-1. 0714 13. 2143
1. 7857 7.5000] ;

11



— Training data outputs

y = [ 35.80951
14. 86287
31. 41880
19. 87899
141. 88566
99. 43335
3. 88973
97. 47380
6. 27060
19. 85914
95. 50587
181. 74214
49. 39445
23. 13762
43. 09524
2. 82392
3. 61474
75. 79100
104. 11175
43. 33586
23.39797] ;

— Prediction requested at inputs

xpred = [-4.5000  0.5000
-4.5000 14.5001
2.5000  7.5000
9.5000  0.5000

9.5000 14.5001];

12




— Regression functions for the training data

F = [ones(21,1) x(:,1) x(:,2) diag(x(:,1)*(x(:,2))')];

— Regression functions for the prediction inputs

Fpred = [ones(21,1) xpred(:,1) xpred(:, 2)
di ag(xpred(:,1)*(xpred(:,2))')];

e The MATLAB command

output2 = perk("X ,x,’ Y ,y,...
"Correl ationEsti mati onMet hod’ ,” REM", . ..

Fpred);

"CorrelationFam |y’ ,  Cubic’,’ Xpred' , xpred,...
" Regr essi onMbdel ’ , F,’ PredRegr essi onModel ', . ..

13



e The output

— The original job specification

output2.job =
Correl ati onFam |y: ' Cubic’
Correl ationEsti mati onMet hod: * REML
X: [21x2 doubl €]
Y: [21x1 doubl €]
Ranges: [2x2 doubl e]
XPred: [5x2 doubl e]
Regr essi onModel : [ 21x4 doubl e]
Pr edRegr essi onMbdel : [ 5x4 doubl e]
Xpred: [5x2 doubl e]

— Estimated correlation parameters

out put 2. corparns =
scal e: [2x1 doubl e]
snoot hness: | nf
out put 2. corparns. scale =
18. 5003
43. 8506

— Miscellaneous estimated quantities

out put 2. est =
| oglik: -57.3626
beta: [4x1 doubl €]
inv_R [21x21 doubl €]
sigma2: 1.1360e+04
out put 2. est. beta =
227. 0622
-24. 3519
-5.0811
2.0273

14



— Predictions and their standard errors

out put 2. pred =
preds: [5x1 doubl e]
se: [5x1 doubl e]
[ out put 2. pred. preds out put 2. pred. se] =
214.6024  14. 3075
3.3216 10. 8944
23. 8426 3. 7067
-19. 0383 14. 1916
153. 1121 15. 7334

4 Program Notes and Technical Details

This MPErK and an earlier version written in C (C-PErK) botioyade predictions of the output from
a computer code. We compare this MPErK and the C-PErK for farh in Section 3.1. We list the
estimates and predictions from both programs for Example 1.

e Likelihoods:

MPEr K -65. 0905
C PErK -65.0905

e MLEs of the correlation parameters:

MPEr K
Case Range Power
1 7.7527 2. 00000
2 0. 5028 2. 00000
C PErK
Case Range Power 2 - Power
1 7.75228 2. 00000 0. 00000
2 0. 50277 2. 00000 0. 00000
e MLE of g:
MPEr K 196. 4929
C- PEr K 196. 4891
e MLE of %
MPEr K 22,474.0
C PErK 22,480.5
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e Predictions and estimated standard errors:

MPEr K
Case EBLUP St andard Error
1 206. 7318 9. 7680
2 7.4123 3. 4646
3 24. 4282 0. 3152
4 5.1921 4, 3077
5 135. 2228 13. 1852
C- PeRK
Case EBLUP St andard Error
1 206. 730725 9.7681924
2 7.412122 3.4646872
3 24. 428226 0. 3152540
4 5.191758 4.3078362
5 135. 222015 13. 1853379

Both C-PErk and MPErK provide nearly identical estimatians predictions in this example.

MPErK usesf m ncon function to estimate the unknown correlation parametesetiaon a user
specified number of starting points. The optionfafi ncon is thesimplex search with tolerance level
0.0001. The MATLAB command is

options = optinset(’ Display’ ,  off’,” LargeScale’,’  off’,...
"Sinplex’, on’,’ Tol Fun’,.0001);

The default settings are used for all other function optiddstailed explanations of the settings and
all possible values of each option could be found in the MABLRelp file for functionopt i nset and
f m ncon.

f m ncon uses lower and upper bounds fprfor all i = 1, ..., d. For the product power exponential
and Gaussian correlation functions, the lower boundfds —log(0.99'/9)/M; and the upper bound is
—log(0.1'/4) /m;, whered is the number of inputs)/; is the largest Euclideah, distance between two
training data inputs irth dimension, andn; is the smallest non-zerb, distance between two training
data inputs inth dimension. For the cubic correlation function, the loWweund ford; is 0.00001 and the
upper bound i200/d.
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