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I. Introduction

e Computer experiments are used as surrogates for many

physical experiments.

e Computer codes used for computer experiments have running

times that can range from minutes to days .

e Some types of inputs to computer experiments
— Control variables: design inputs for both the computer and the
physical experiments; e.g., engineering design inputs.

— Tuning parameters and calibration parameters.



e Tuning parameters

1.

Tuning parameters are the numerical values used by the

algorithms implementing a mathematical model.

Tuning parameters have no physical meaning in an

assoclated physical experiment.

The goal of tuning a computer code is to select values of the
tuning parameter(s) to “best” match the physical

experiment outcomes.

Example: certain coefficients in differential equations.



e Calibration parameters

1. Calibration parameters are controllable inputs to a
computer code and are unknown or unmeasured during the

running of an associated physical experiment.

2. Calibration parameters typically have a meaning in the

physical experiment.

3. The goal of calibration is to make inference about the true

calibration parameter value(s).

4. Example: friction at the bone-prosthesis interface in a

biomechanics application.



Goal

To propose a method for simultaneous setting calibration and

tuning parameters.



A Motivating Example

e A finite-element analysis computer code simulating

wear/movement of knees in a mechanical testing device.




e Response: anterior-posterior displacement (APD) of tibial

tray relative to femoral component.
e Control variable: percentile of the gait cycle.
e Tuning parameter: discretization of loading curve for gait.

e Calibration parameter: initial position of femoral

component with respect to tibial tray.



e Computer experiment: 438 runs; physical experiment: 36 runs.
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APD from the knee simulator (triangles) and the FEA computer
code (dots) vs Gait cycle percentile .



e One approach: treat both load discretization and 1nitial

position as calibration parameter; e.g., using the Bayesian
approach of Higdon et. al. (2004).
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Example: using Truncated Normal(0.5, 10%) (TN(0.5, 10%))

priors on load discretization and 1nitial position gives posteriors.
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Marginal and joint simulated posterior distributions of load

discretization (upper left) and initial position (lower right).
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I1. A Bayesian/distance method for simultaneous tuning and
calibration

e Our simultaneous calibration and tuning Bayesian model
builds on Kennedy and O’Hagan, 2001, (JRSSB), Park, 1991,
(Ph.D. Thesis), Higdon, et. al., 2004, (SIAM Journal of
Scientific Computing), and Higdon, et. al., 2008, (JASA).
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Notation

& == control variable; £ == tuning parameter;

c == calibration parameter; 8. == the true value of c.

{(xf, ci, t;), y° (x5, ¢;, t;) }i* == training data from the

computer eXperlment.

{(z}),y?(x))};” == training data from physical

experiment

(ns,n,) == number of runs of computer and physical

experiments.

ys — (ys(mi,(}l,tl),...,y ( ns Cns,tns>)—r.

v = (v, )
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e The idea

1. Model the computer experiment y°(x, ¢, t) as a draw from a
Gaussian process Y*(x, ¢, t) and the discrepancy
é(x,c,t) = E(YP(x)) — y*(x, c, t) as a draw from a
Gaussian process A(x, ¢, t).
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e The idea

1. Model the computer experiment y°(x, ¢, t) as a draw from a
Gaussian process Y*(x, ¢, t) and the discrepancy
é(x,c,t) = E(YP(x)) — y*(x, c, t) as a draw from a
Gaussian process A(x, ¢, t).

YP(x)=Y%(x,0.,t°) + A(x,0.,t7) + ¢(x)

3. The three processes Y*(+), A(-), and the noise are
independent .
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Modeling Computer Experiment Output
o Y(x,c,t) =B, f,(x,c,t)+ Z(x, ct).

o B,f,(x.c,t): f (x, c, t)is the known regression
coefficient vector and 3, is the unknown regression
parameter vector.

e /(-)is a stationary Gaussian stochastic process with mean
0 and variance o%. The correlation between Z(x1, 1, t;)
and Z(wg, Co, tz)

Rz ((x1,c¢1,t1), (22, Ca, t2))

2
L 4>< :1:1 Z—ZEQZ < | | p4><(cl ]—CQJ < 4><(t1k: to k)

T IOZa:z Z,c,g IOZtk ?
1 k

where all p € [0, 1].
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Modeling the bias and the random noise processes

e A(-) is a Gaussian stochastic process with mean

BAfa(x,0.,t) and variance 0.

e The correlation between A(xq,0.,t;) and A(xs, 0., 1t5) is

RA ((wb 067 t1)7 (w27 067 t2))

. 4)((3317@'—332,1')2 4X(t1,i—t2,i)2
= PA,z.i X H PA Ltk )
i k

where {pa .} and {pa ¢ 1 }r are correlation parameters.
e Model measurement error €(x) as independent white noise

process (0, 0%).
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Priors and Implementations

Model parameter Prior distribution Support
All elements of 6, TN(0.5, 2%) [0, 1]

All elements of p, and p, | Beta(1,0.5) (0,1)

o2 1G(10,0.1/02) (0, +00)
0%, if 02 > o2 IG(1,100/02) (0, +00)
0%, if 02 < o2 IG(10,0.1/(a2 — 62)) | (0, +00)
o2 IG(1,100/02) (0, +00)

We use a Metropolis Hastings algorithm to make draws from the

posterior distribution of 8, given the data and a fixed £.
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o Letn(x)=FE.(YP(x)).

e Define the 1deal value of ¢

_argmm// ) — ' (x,0,.,1))°00.|y°, y?, t|do dx.
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e Letn(x) = FE(YP(x)).

e Define the 1deal value of ¢

—argmm// ) — ' (x,0,.,1))°00.|y°, y?, t|do dx.

We estimate (1(x) — y*(x, 0.,t))* = §%(x, 0., t) by its BLUP

E (A*(z,0.,1)|y°, 4", t,0.) =
By ayr £.6.11E (A% (T, 0, 1) |y", 4", 8, 8,6.)],

where @ denotes all the remaining model parameters.
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e We estimate t* by

AN

t*

afgmtin//E(AQ(CB,HC,t)\yS,yP,t,HC)[HC|yS,yp,t]d00da:

ysvypvt] [E(A2(CB7 007 t) |y87 yp7 t? ¢7 90)]d$7

= argmtin/E@ﬁC

where we approximate the latter by draws from an MCMC

algorithm.

e Posterior of 8.: [0. | y?, y*, t*].
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e The result from Bayesian calibration program

Simulated posterior distributions of load discretization (the
left panel) and initial position (the right panel).
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e The result from our method

50

40

30

20

10

Simulated posterior distribution of initial position with
estimated load discretization * = 19 .
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e Prediction for n(x)

Nye
1 N~

T D B (@, 000, )+ A, 0, )|y 3" 8 O, ).
MC

=1

n(x) ~

e Predictive interval

i) + 22 Var(Ye(@, 0, ) + Az, 0, B)|ye, y7, ),

where 2%/ is the upper a//2 critical point of the standard normal

distribution.
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Toy example

yP(x) = exp(—z)+ ((x —0.5)° —0.125) + N(0,0.01?)
y'(x, (c1,69),t) = ¢ X exp(—cy x x) + (t — 0.5)% x 10
{ns,n,, Noeed = {50, 20, 300}
n(r) = exp(—z)+ ((x —0.5)* —0.125)
(0y,0.,,t") = (1,1,0.5)
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The prediction error (RMSPE) over 101 points of n(z) from
Bayesian calibration: 0.1662.
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The training data (solid circles), the true response curve (the
solid line), and the predictions (pluses) obtained by the Bayesian
calibration program.
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The prediction error (RMSPE) of n(z) from the Simultaneous
Tuning and Calibration (STaC) program: 0.0445. Improvement
rate = 73.23% (= (0.1662 — 0.0445)/0.1662 x 100%).

1.2
B

1F

D&F

DE[

o4r

DE 1 1 1 1 1 1 1 1 1
0 0 0.2 (NRE: 04 0.5 QK 07 n.e 0.a 1

The training data (solid circles), true response curve (the solid
line), predictions (pluses), and 99% prediction bands (dashes)
using the STaC program.
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II1. Discussion and Conclusions

e STaC performs well for tuning, calibration, and prediction

of the true input-output relationship.

e We recommend that tuning parameters should be set using a
discrepancy measure.
e Future work
o Speeding up the computation.
o Estimating the uncertainty in t*

o Extending the current method to other settings; e.g.,

multivariate outputs, quantitative and qualitative inputs.
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Thanks for your attention!
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Appendix

Given t* = argming [ [ 0%(x, 0., t)[0.|y*®, y?, t|d6.dx and
5%(x,0,,t) = B[AX(x,0.,t)|y*, y", t,0,] =

B

AN

t*

Q

Q

ys,yr.t,0.]

[E(A?*(x,0.,t)|y%,y*, t, ¢, 0.)], we define

al"gmtin//E(AQ(:B,Hc,t)|y8,yp,t,HC)[HC\yS,yp,t]dHde

[E(A2(a:, 0..t)|y*, y". t, o,0.)|dx

1 Nye L L
argmin E[A*(x,0.,,t)|0.,, o, y*, y°, tldr
Y B DL R

1 1 Nz Nmc

argmin S: y: E[A*(x,0.,,1)|0., Dp,y°, y", t].
t Na:NMC’ i=1 =1
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E[A*(x,0.,t)|y", y".t, 0., @] =
[E(A(®,8.,8)y°, 4", t, 0., )]
+Var|A(z,0.,t)|y°, y",t, 6., @]

o F(A(x,0.,t)|y°, y" t. 0. ¢) is a measure of the

magnitude.

o VarlAlx,0..t) y° y’ t, 0., ¢| is a measure of the

variation.

e Our method favors a ¢ that gives small, stable discrepancy

between the computer code and the physical experiment.
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