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Summary

Bookson linear models and multivariate analysis generally include a chapter on matrix algebra, quite
rightly so, asmatrix resultsare used in the discussion of statistical methodsin these areas. During recent
years a number of papers have appeared where statistical results derived without the use of matrix
theoremshave been used to prove some matrix resultswhich are used to gener ate other statistical results.
Thismay have some pedagogical value. It isnot, however, suggested that prior knowledge of matrix theory
isnot necessary for studying statistics. It isintended to show that ajudicioususe of statistical and matrix
results might be of help in providing elegant proofs of problems both in statistics and matrix algebra
and make the study of both the subjects somewhat interesting. Some basic notions of vector spaces and
matrices are, however, necessary and these are outlined in theintroduction to this paper.

Key words: Cauchy—Schwarz inequality; Fisher information; Kronecker product; Milne’s inequality; Parallel
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1 Introduction

Matrix algebra is extensively used in the study of linear models and multivariate analysis in
statistics [see for instance Rao (1973), Rao & Toutenburg (1999) and Rao & Rao (1998)]. It is
generally stated that a knowledge of matrix theory is a prerequisite for the study of statistics.
Recently a number of papers have appeared where statistical results are used to prove some matrix
theorems. [Refs: Dey, Hande & Tiku (1994), Kagan & Landsman (1997), Rao (2000), Kagan &
Smith (2001), Kagan & Rao (2003, 2005), Kagan, Landsman & Rao (2006)]. The object of this
paper is to review some of these results and give some new results. It may be noted that the statistical
results used to prove matrix theorems are derivable without using matrix theory. We consider only
matrices and vectors with real numbers.

1.1 Some Basic Notions of Vector Spaces and Matrices

A symmetricp x p matrix A is said to be nnd (nonnegative definiteqifAa > 0 for any p-vector
a, which is indicated byA > 0. Ais said to be pd (positive definite) & Aa > 0 for all non-null
a, which is indicated byA > 0. We write A > B if A— Bisnnd andA > Bif A— Bis pd. The
notationC : p x k is used to denote a matr@ with p rows andk columns. The transpose 6f
obtained by interchanging columns and rows is denote@ byk x p. The rank of any matrix,
denoted byp (X), is the number of independent columns (equivalently of independent rows) in

*The paper is based on a keynote presentation at the 14th International Workshop on Matrices and Statistics meeting in
Auckland, New Zealand, March 29-April 1, 2005.
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We denote byt (X) the vector space generated by the column vectoks op x k,
u(X)={y:y=Xa, aec R

whereRX the vector space of al-vectors.
GivenX : p x g, p(X) =r, there exists a matriX : p x s,s = p(Y) = p — r such that with
respect to a given pd matrix
X'VY =0

where0 : g x s is a matrix with all elements zero. The vector spagéX) andu(Y) are said to
be mutuallyV-orthogonal. [IfV = |, the identity matrix,u(X) and(Y) are simply said to be
orthogonal]. The spaciP of all p-vectors is generated by

w(X)® u(Y) ={Xa+Yh aeR% beR.

If z e RP, then
z=Xa+Yh

Multiplying by X'V, we have
X'Vz=XVXa=a=(XVX) ™ XVz
Xa= X(X'VX)"X'Vz
so that the part of lying in «(X) can be expressed &z where
Px = X(X'VX)"X'V (1.1)

is called the projection operator on the spag&). [The explicit expression (1.1) for a projection
operator in terms of a generalized inverse defined in (1.3) was first reported in Rao (1967). See also
Rao (1973, p. 47)].

Note that we can choose the orthogonal complement &) asu.(Y), where

Y =1 — X(X'VX) XV. (1.2)

Given a matrixX : m x n, there exists a matriX~ : n x m, called theg-inverse(generalized
inverse) ofX, such that

XX™X = X. (1.3)
X~ need not be unique unless is a square matrix of full rank. I€ is any matrix such that

w(C) C u(X), thenX X~ C = C, so thatX X~ behaves like an identity matrix in such situations.
[See Rao (1973), Rao & Mitra (1971, Section 16.5), and Rao & Rao (1998, Chapter 8)].

2 SomeBasic Results

Letx = (Xi, ..., Xp)" be ap-vector rv (random variable) and= (y1, ... , yq) be ag-vector rv
all with zero mean values. We denote the covariance matnxasfdy by

E(X1y1) E(X1Y2) o E(X1Yq)
C(x,y) = E(xy) = ' ' =C(y,x)
E(Xpy1) E(Xpy2) cee E(XpYq)

which is ap x g matrix. The following results hold.
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THEOREM2.1. If A : p x p is the covariance matrix of a p-vector rv x, then:

(@ Aisnnd (2.1)
(b) If p(A) =s < p, then there exists a matrix
D:px(p—-s) suchthaty= D'’x =0a.s. (2.2)

Conversely, if A p x p is an nnd matrix, then there exists a rv x such that
C(x,x) = A. (2.3)

To prove (2.1) consider the scalaratx, a € RP. Its variance is

V(@'x) = E(@'xxa)=a'Aa> 0= Aisnnd

The result (2.2) follows by choosing as the orthogonal complementaf Then
C(D'x,D'X) = CouD'x) = D’AD=0= D'x =0 a.s.

Note: The result (2.3) follows if we assume the existence of an nnd ma&ri¥ such that
(A72)(A?) = A (or a matrixB such thatA = BB’). Then we need only choose anzwith |
as its covariance matrix and defire= A'/2z (or x = B2). However, we prove the result without
using the matrix result on the existenceA? (or the factorizationA = BB’). Later we show that
the factorizationA = B B’ is a consequence of a statistical result.

We assume that there existg@— 1)-vector rv with any giver(p — 1) x (p — 1) nnd matrix as
its covariance matrix and show that there exists\&ector rv associated with any givgnx p nnd
matrix. Since an rv exists whem= 1, there exists one whep = 2 and so on.

Let us consider the nnd matrix: p x pin the partitioned form

AM o
A=
o B
whereA; : (p—1) x (p — 1). Then, sincéA is nnd, the quadratic form
a'Aja+2c(@’a)+c* >0 forall aandc. (2.4)

If B =0, thena’a = 0 for all a which implies thatx = 0. If X, is an rv associated with the nnd
matrix A, then(x;, 0)’ is an rv associated witA.
If B # 0, then, choosing = —(«x’a)/B, (2.4) reduces to

a(An — B lae)a>0 foralla

i.e., A;; — B taa’ is nnd. Letx; be an rv associated wittA;; — B 'aa’) : (p—1) x (p— 1) and
z be a univariate rv with variange and independent of,. Then it is easy to verify that the rv

Xi +af~z
z

hasA as its covariance matrix.

THEOREM2.2. Let A: p x p be a symmetric matrix partitioned as

A Ap
A= .
<A21 Azz)
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Then A is nnd if and only if

(&) Ay is nnd,
(b) Ay — Ari A[ Aix = Az (Schur complement of iy is nnd,
(€) u(A2) C n(Ap).

The theorem was proved by Albert (1969) using purely matrix methods. Statistical proofs were
given by Deyet al.(1994) and Rao (2000).

First we prove sufficiency using Theorem 2.1. (a) implies that there exists a random variable
with mean zero and covariance matéy;. (b) implies that there exists a random variableith
mean zero and covariance matéx ;. We can choose to be independent of. Now consider the
random variablev = (X', y')’ wherey = z+ Ay A x. Verify using (c) thatC(w, w) = A, which
implies thatA is nnd.

To prove necessity, observe that there exists a random vagiablg)’ with the covariance matrix
A. (a) follows sinceC(x, x) = Ay;. If Ay is not of full rank, leta be a nonnull vector such that
a’A;; = 0 which implies thata’x = 0 a.s. andC(a'x,b’'y) = a@Apb =0V Db, ie.,a’Ap = 0.
Hencew (A) C n(Agr) which proves (c).

Now consider the random varial#de= y — A, A;; X whose covariance matrix is

C(z,2) = An — Al Al A
which implies (b).

THEOREM2.3. Let A and B be nnd matrices partitioned as
Au A12 Bll BIZ
A= and B= .
(A2l Azz) (le Bzz)
If o(A+ B) = p(Ay1 + Byy), thenp(A) = p(Ay) andp(B) = p(By1).

The statistical proof of this theorem given by Detyal. (1994) and Mitra (1973) is reproduced
here.

Let (U] : U}))’ ~ N(0, A) and(V| : V;)’ ~ N(0, B) be independent. Thetr = (U] : U;)’ + (V] :
V) = (2] : Z5) ~ N, A+ B). Sincep(A+ B) = p(Ai1 + Bi1), there exists a matri6 such
that

(Ao1 + B21) = G(A11 + Bin), (Axz + Bxn) = G(Arz + Bi2)

which implies
CoUZ, —GZ)=0= U+ Vo, =GU; + GV,.

ThenCovuU, — GU;) = 0 andCou V> — GV;) = 0 which impliesU, = GUy, p(A) = p(A;;) and
Vo = GV, p(B) = p(B1).

THEOREMZ2.4. Let A be an nnd matrix. Then it can be factorized as

A=BB.
Let (X1, ..., Xp) = X’ be rv with the nnd matriXA : p x p as its covariance matrix. Then we can
recursively construct random variables
Zi=X —ai 1% 1—...—a&iX,i=1,...,p (2.6)
such thatz, ... , zp are mutually uncorrelated. It may be noted that

Q1Xy+ ...+ & i-1Xi-1
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is the regression of; onx, ... , x;_;. Denote byb?, the variance of;. We can write the transfor-
mation (2.6) as
Z=Fx

whereF is a triangular matrix of rank. Then
A?=C(z,2) = FC(x,X)F' = FAF’
whereA? is a diagonal matrix with diagonal elemebfs ... , by, some of which may be zeros, and
A=F'A*F™ = (F'A)F~'A) =BB

whereA is the diagonal matrix with diagonal elemebts ... , by.

3 Cauchy-Schwarz (CS) and Related I nequalities

A simple (statistical) proof of the usual CS inequality is to use the fact that the second raw moment
of an rv is nonnegative. Consider a bivariate(s, y) such that

0 < by = E(x?), bpp = E(xy), by = E(y?).

Then
b\’ bt
E(y— —= =b», - 22 >0 3.1
<y bnx) 2 by T 3D
which written in the form
be < by1bx (32)

is the usual CS inequality. b;; = 0, x = 0 a.s. and,, = 0 and the result (3.2) is true.
In particular, if(x, y) is a discrete bivariate distribution witlx;, y;) having probabilityp;, i =
1,...,n,then

(Zpixiy)? < (SpxH(Epiyd) (3.3)

sincebi, = Tpixyi, by = Tpix’ andby, = Tpiyy.
The matrix version of CS inequality is obtained by consideringxwsdy such that

Y =CX,x), Bp=C(X,y), X0 =C(y,y),
and noting that
C(y — EmEﬂX, y— EglxﬁX) = Yy — 2212;1212 > 0. (34)

A special case of (3.4) is obtained by considering R's Azandy = Bzwherez is ans-vector
rv with uncorrelated components, in which case

Z = AA’,Z = AB’,Z = BB
11 12

22
and (3.4) reduces to

BB > BA(AA) AB. (3.5)
The statistical proofs of the results in the following Lemmas are given indday. (1994).
LeEmMMA 3.1. Let A and B be nnd matrices. Then
[a’A”al[a’'B'a] > [a'(A+ B)~aj[a’A"a+ a'B~a]
provided ae 1(A) N w(B), with equality when either A or B has rank unity.
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Let A= X[ X; and B= X} X,. Consider the linear models

Yi X1
Y =X18, Ya=X28, Y3 = ( ) = (X2>ﬁ = X38.

Y,
The best linear estimates offaunder the three models are
Ti=aB, pi=XX) XY, i=123,

V(T)=aAa=w', V() =aBa=w,".
Now
d(A+B) a=V(T) < (wi +w) VT +wTh)
= (w1 + w) WiV (T1) + w3V (T)]
_[@’A"a]la’'B7a]
- [@A-al+[a'B-al’
If either p(A) or p(B) is unity, T is same agw; T; + w>T»)/(w; + wy). This completes the proof.

By using the same argument, the result of Lemma 3.1 can be generalized as follows.
LEMMA 3.2. Ifa € u(A+ B), then
a(A+B)ya= min ~_ [ajAa; + a;B a]

arep(A),axen(B)
where a= a; + a,.
LEMMA 3.3. Let A,i =1, ...,k be nnd matrices anda Nu(Aj). Then

k — k 1 k 1 2
a (IX; Ai> a< Z @Aar - (Z a’Afa) .

1

LEMMA 3.4. Let A be nnd matrix. Then for any choice of g-inverse

a(A+aa)"a=a'Aa/(1+a'A"a)ifa e u(A).

4 Schur and Kronecker Product of Matrices
The following theorems are well known.

THEOREMA4.1. Let A and B be nnd matrices of order<pp. Then the Schur producteB is nnd.
[Ac B = (ajbij), where A= (a;) and B= (bjj)].

Proof. Let X be ap-vectorrv such tha€ (X, X) = AandY be an independei-vector rv such
thatC(Y, Y) = B. Then it is seen that

C(XoY,XoY)=AoB
so thatA o B is the covariance matrix of a rv, which proves the result. ]
THEOREM4.2. Let A: px p be annnd matrix and Bq x g be an nnd matrix. Then the Kronecker
product A® B is nnd.[A® B = (ajj B), where A= (a;)].

Proof. Let X be ap-vectorrv such that (X, X) = AandY be an independeqtvector rv such
thatC(Y,Y) = B. Then
CX®Y, XQY)=A®B

so thatA ® B is the covariance matrix of a rv, which proves the desired result. O
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Note that Theorem 4.1 is a consequence of Theorem 4R @8 is a principal submatrix of
A® B.

5 ResultsBased on Fisher Information

5.1 Properties of Information Matrix

Let x be ap-vector rv with density functionf (x, 8), where®’ = (6, ... ,0y) is ag-vector
parameter. Define the Fisher score vector
3= dlog f dlog £\’
T ee T 86,

and information matrix of ordeg x q
1x(0) = E(JJy) = CovIx, K)
which is nnd.

Monotonicity of informationLet T (x) be a function ofk. Then under some regularity conditions
(given in Rao (1973, pp. 329-332))

IT(0) < 1x(6) (5.1)
wherelt (0) is the information matrix derived from the distributionBf

Additivity of informationif x andy are independent random variable whose densities involve the
same parameters, then

iy (0) = 1x(8) + 1,(6). (5.2)
Information when x has a multivariate normal distributidret x ~ N (B, A), i.e., distributed
as p-variate normal with meaBu and a pd covariance matrix. Then the information ix on i is
I«(n) = B'A'B. (5.3)
If y =Gx,then
ly(w) = B'G'(GAG)™'GB (5.4)

and if G is invertible, I, (1) = ly(n). Note that ifG is of full rank, I y(r) = Ix(w), i.e., there is no
loss of information in the transformatigh= Gx.
Suppose that the parameters partitioned into two subvectorg! = (0", 6®") whered' =

@1, ...,0p) andd® = (Bp1, ... ,6s). The corresponding partition of the score vector is
I =i, Iy (5.5)
and the information matrix is
EQUixJd) E(dixdy) I 2
1, (0) = = . (5.6)
E(hxJd)) E(Ixd) 21 I

We define the conditional score vectopéP , whend @ is not of interest and considered as a nuisance
parameter, by

Jix = Jix — L2135 Iy (5.7)
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which is the residual of;x subtracting the regression dsy, in which case

~!

l1x(8) = Eg(JixJ 1) = lii — izl L. (5.8)

As one sees from the definitidnk < 11, the equality sign holding if and only if the components of
Jix and Jxx are uncorrelated. If
B | 11 | 12
Ixl = (|21 |22)

1x(@) = 1 — Il = (Y71 (5.9)

which can be proved as follows.
Consider a random variabjg+ q vector r.v.

(5)=ma((5) G 12))

Ill

then

Then
Ixy(n) =
using (5.3) withB = (1, 1,...,1,0,0, ..., 0). Further
z=x— Iply,'y andy
are independent. Hence
=1y () = Ly (w)
= L) + ly(w) = 1,0 = (In = Telpt )~

SinCEC(Z, 2) =l — |12|2_21 EY
The monotonicity property remains the same for conditional information. THUs= T (X) is a
statistic and 1 (0) is pd, then

M7 0) < 11x(6). (5.10)

But the additivity property may not hold. ¥ andy are independent random variables, we can only
say

Moy @) = 11x(®) + 114(0) (5.11)

which is described as superadditivity, unlgsmndy are identically distributed in which case equality
holds. For a proof, reference may be made to Kagan & Rao (2003).

5.2 Some Applications
THEOREMS.1. If A and B are pd matrices, then
A>B=A"'<B™ (5.12)
Proof. Consider independent rv’'s
x ~ N(u, B) andy ~ N(0, A— B +§%I)

wheres?| is added toA — B to makeC(y, y) positive definite. Note that can be chosen as small
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as we like. Then
X+Yy) ~ N, A+8%1)

and
() = B7 1y(10) =0, Ly = (A+871) 7"

Using monotonicity (5.1) and additivity (5.2) properties of Fisher information, we have
(A+81)" =gy < lxy=Ix+1y=B7". (5.13)

Since (5.13) is true for ali, taking the limit ass — 0, we have the result (5.12).
The equality given in the following theorem is useful in the distribution theory of quadratic forms
(Rao, 1973, p.77). We give a statistical proof of the equality. O

THEOREMS5.2. Let ¥ : p x p be a pd matrix and B k x p of rank k, C: p — k x p of rank
p — k, be matrices such that BG= 0. Then

cczch'c+xz BB 'B)Bx =321 (5.14)

Proof. Consider the random variable ~ N(u, £) and the transformation
Y; = CX ~ Np«(Cu, CEC),
Y, =BX !X ~ Ne(BZ i, BE!B).
HereY; andY, are independent, and using additivity (5.1) of Fisher information we have
T = 0x(w) = vy () = v, (1) + Iy, ().

Note thatly, (1) is the first term andy, () is the second term on the left hand side of (5.14). See
(Rao, 1973, p.77) for an algebraic proof. O

6 Milne'sInequality
Milne (1925) proved the following result.

THEOREMG6.1. For any constantw; > 0, i = 1,...,n, suchthat, + ...+ w, = 1 and given
oi, (ol <D, i=1,...,n,

<Zlfipf>22<2%)(2%>Zz1fipi2' (6.1)

Proof. We give a statistical proof of Milne’s inequalities.
To prove the right hand side inequality, consider the bivariate discrete distribut{of wf:

probability wy, e, wp
valueofX (1—p)7 Y ..., (d—=p)7"
valueofY (14+p)7 Y, ..., (I+p)t (6.2)

We use the well known formula
2C(X,Y) = E(X; — X2)(Y1 — Y2) (6.3)
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where(Xy, Y;) and(Xz, Y,) are independent samples from the distribution (6.2). A typical term on
the right hand side of (6.3) is

< 1 1 )( 1 1 )
l—pi 1=pj/\1+p 1+pj

_ (m —pj)? _
(1—pH(1 = p7)

HenceO > C(X,Y) = E(XY) — E(X)E(Y). The right hand side inequality follows by observing
that

axvy:}jT%%? ax)=§:1f>‘mme)= T%E‘

COROLLARY 1. Forany rv X with P{|X| < A} =1,

E(Aix>E<Aix)ZE<R£%F> (6.4)

We use the same arguments as in the main theorem exploiting (6.3), choosigahd A+ X
as the variables X and Y.

COROLLARY 2. (Matrix version of Milne’s inequality). Let A/y, ... , Vi, be symmetric commuting
matrices suchthat A 0, —-A<V; < A, i=1,...,n.Then
Q- wi(A=VD) OO wi(A+ VD™ =Y wi (A= V)™ (6.5)

wherew; > 0andw; +...+ w, = 1.

A purely statistical proof of (6.5) is not known. The proof given in Kagan & Rao (2003) depends
on the result that an nnd matrix has an nnd square rodt= B?2. Is there a statistical proof of this
result?

A different statistical proof of Milne’s inequality (6.1) given in Kagan & Rao (2003) is as follows.

Proof. Letx,..., X, be independent bivariate normal vectors such that

0 1 4
E(x) = (é) Clxi. %) = — (; ’i‘)

in which case the elements bf are

Vi

iy = loox =

1—p?
oy = laix = _piviz,
1 — p;
and the information based on the whole set ok, ... , Xy iS
Vi
liix = lox = Z —p
liox = lax = — ikl ,
1—p?

where

S

1-p? 1—p}
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Consider now the vectax! of the first components af,, ... , X;, of x. The distribution ofx!
depends only of; and
La @) =Y v

and trivially
[y (B1) = b (6.7)
Sincex! is a statistic, by applying the super additivity result (5.11) to (6.6) and (6.7), we have
2 -1
Vi 0i Vi Ui
21_,03_(21_,03) (Zl—p?> 22 u (6.8)

Dividing both sides of (6.8) by " v; and settingv; = vi/ ) v; leads after simple calculation to the
right-hand side inequality of (6.1).
Note that the classical inequality between arithmetic and geometric means gives

(Er) (Eri) =B (i) = (£2%)

which establishes the left-hand side inequality in (6.1). O

7 Convexity of Some Matrix Functions

Let
A Api
A = , i=1,...,n
Ao A

be nnd matrices. Further let

Ay Ap n n
A= :ZwiAi, wi>0andZwi:1,
1 1

Az Ax
Bii Bi2
B = =A10Azo...oAn=HToAi.
Ba1 B2
SinceA andB are nnd matrices, we have
Ax — At A A2 >0, Al — AnALA >0, (7.1)
By, — B21B;Bi2 > 0, By — B12B;, By > 0. (7.2)
As a consequence of (7.1) and (7.2), we have the following theorems.
THEOREM7.1. Let G,i =1, ..., n be symmetric matrices of the same order. Then
n n
> wiCl = () wC), (7.3)
1 1
n n
[]oC? = ]oCh™ (7.4)
1 1
Proof. ChooseA;;; = Ciz, A = Azi = Ci andAy = |. ThenA is nnd by the sufficiency

part of Theorem 2.2. Hence using (7.1) and (7.2), we have (7.3) and (7.4) respectively. [



180 C.R.Ro

THEOREM7.2. LetG,i =1, ..., n, be pd matrices. Then
n n
> owiC = we)T (7.5)
1 1
n n
[]eC' = J]eC™" (7.6)
1 1
Proof. ChooseA;;j = cifl, Apni = Ay = Ci, Axi = |. Applying the same argument as in

Theorem 7.1, the results (7.5) and (7.6) follow from (7.3) and (7.4) respectively. The inequality (7.5)
is proved by Olkin & Pratt (1958). See also Marshall & Olkin (1979, Chapter 16). In particular, if

C; andC; > 0, then(C; 0 Cy) > (C;' o C;1) 7. O
THEOREM7.3. LetG :s xs,i=1,...,nand B:s xm, i =1,...,n, be matrices such
that ¥ B/B; = I,. Then
> B/CIC/B = ()_B/CiB)™. (7.7)
In particular, when G are symmetric for all i, (7.9) reduces to
> B/C!Bi = ()_B{CiBy)*. (7.8)

Proof. Since the matrix

B{Ci Ci/ B; Bi’Ci B;
B/Ci B B'B;

is nnd, we get (7.8) and (7.9) by applying (7.3). Some of these results are proved in Kagan &
Landsman (1997) and Kagan & Smith (2001) using Information Inequality (5.1) O
THEOREM7.4. Let A and B be pd matrices of orderan and X and Y be nx n matrices. Then
(XoY)(AoB) '(XoB) < (X'A'X)o(Y'B7LY). (7.9)

Proof. The result follows by considering the Schur product of the nnd matrices

X'A~1X X' Y'B-lY Y
and
X A Y B
and taking the Schur complement. O

THEOREM7.5. (Fiedler, 1961) et A be a pd matrix. Then
Ao Al >1. (7.10)
Proof. The Schur product

A | ATl Ao Al |
o = (7.11)
I A | A | AloA

is nnd, since each matrix on the left hand side of (7.11) is nnd. Multiplying the right hand side matrix
of (7.13) by the vectob’ = (@', —a’) on the left and by on the right, whera is an arbitrary vector,
we have

a(AcAhHa—aa>0vVa= (AcA)>I.
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Purely matrix proofs of some of the results in this section can be found in Ando (1979, 1998).

THEOREM7.6. Let A, ..., Ay be sx s pd matrices and define the partitions

(A A (AN AT
A'_(Azn A22i> and A _<Ai21 A?)

where Ay is of order px p. Then

n -1 n
-1
(Z w; Ai“> > w (AT (7.12)
1
Proof. Let
X ~ N(UiG,Ai),i =1,...,n

be independerst-dimensional normal variables, wheére= (0, 6,) is ap+(s— p) = sdimensional
parameter and; are known constants such thgt+ ...+ vi = 1. Setx’ = (x;, ..., Xn)', v} = wj.
Then

e =wi AT o= w AT

From (5.8) and the resultA!) ™! = Ay — Api A% Aaii,

-1
n
I = wi (A Ty < (Z wi Aﬁ‘) : (7.13)
1

Due to superadditivity (5.11), (7.15) leads to (7.14). O

8 Inequalitieson Harmonic Mean and Parallel Sum of Matrices

The following theorem is a matrix version of the inequality on harmonic means given in Rao
(1996).

THEOREM8.1. Let A; and A be random pd matrices of the same order, and E denote expectation.
Then

-1
E[(Af + Af)l] < [(E(Am1 + (E(Az))l] : (8.1)
Proof. LetC be any pd matrix. Then
A1C71A1 A
(8.2)
A c

is nnd by the sufficiency part of Theorem 2.2. Taking expectation of (8.2), and considering the Schur
complement, we have

E(AICT'A) > E(A)(E(C) 'E(A)). (8.3)
Now choosingC = A; + A; and noting that
(A +AD™ = A= AlAL+ A)TH A
the result (8.1) follows by an application of (8.3). The same result was proved by Prakasa Rao (1998)
using a different method. O

THEOREMS8.2. Let Ay, ..., Ap be random pd matrices and M. .. , M, be their expectations.
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Then
E(A) <M (8.4)
where
A=A+ +AD L M= 4.+ M D!
Proof. The result (8.4) is proved by repeated applications of (8.1). O
THEOREMS8.3. (Parallel Sum Inequalitylet A, i =1,...,pand j=1,...,q be pd matri-
ces. Denote
A= AT+ +AH
Al =Aj+...+Aq A=A+ +AH
Then
Z Ai <A. (8.5)
The result follows from (8.4) by considering;Ai =1, ..., p, as possible values ofiA .. , Ap,

giving uniform probabilities to index j, and taking expectation over j.
We can get a weighted version of the inequality (8.5) by attaching weight® index j j =

1,...,q.

THEOREM8.4. Let A, ... , A, be nnd matrices of the same order p and B x k of rank k and
w(B) Cc u(A) foralli. Then

Q_(BAB) ) ' =B()_ A) B (8.6)
where A" denotes any g-inverse ofi A
Proof. Let A = X{X; and consider independent linear models
Yi = Xif0 + €, E(¢) =0, andC(¢j, ) =1, i=1,...,n. (87)
The best estimate d’6 (in the sense of having minimum dispersion error matrix) from the entire
model is
B/ XX~ )XY,

with the covariance matrix

B'(ZA) B. (8.8)
The estimate oB’6 from thei -th part of the modely; = X6 + €, is
Ui = B XD XY, (8.9)
with the covariance matrix
B'A B. (8.10)

Combining the estimates (8.9) in an optimum way we have the estim&é&of
(Z(B'A'B) ) 'EBAB) Y
with the covariance matrix
(S(B'A B)™H™h (8.11)
Obviously (8.11) is not smaller than (8.8) which yields the desired inequality. O
The results of Theorems 8.1 and 8.4 are similar to those ofdDay/ (1994).
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9 Inequalitieson the Elements of an Inverse Matrix
The following theorem is of interest in estimation theory.

THEOREM9.1. Let
(2 PP (=t »i2
X = (221 222> ’ % - (221 222
whereX : (p+q) x (p+ Q) is a pd matrix and,; is of order px p. Then
DO (9.1)

Proof. Consider the rv

() ~me((5) (G 32))

whereX is p-variate andr is g-variate. Using the formulae (5.3) and (5.4) on information matrices,
we have

Ixy () =21, Ix(w) =2} (9.2)

and the information inequality (5.1)
Ix,y (1) = 1x(p)

yields the desired result. O

10 Carlen’s Superadditivity of Fisher Information

Let f (u) be the probability density of p + q vector variables” = (uy, ... , Up4q) and define
fll f12
Ji = (jrs) =
fa1 f
where dlogf dlog f
. 0og 0g
=E .
Jrs < au dUs )
andf;; and fx, are matrices of ordengandq respectively. Leg(ui, ... , up) andh(Upti, ... , Uptq)
be the marginal probability densities of, ... , up andup4, ... , Uptq respectively with the cor-

responding) matrices,Jy of order p x p and J, of orderq x g. Then Carlen (1991) proved
that

Trace J; > Trace Jy + Trace J,. (10.1)

We prove the result (10.1), using Fisher information inequalities. Let us introdyx¢ g)-vector
parameter
6, = (61,, Qé) = (61, veey Qp, 9p+1, veey 6p+q)

whereg, is a p-vector and, is ag-vector, and consider the probability densities

f(u1 +91, cee Up+q +9p+q),
glup + 64, ..., Up -I—Qp) andh(up+1 +9p+1, .. s Upyq +9p+q)-
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It is seen that in terms of information

£ (01) = fu = 19(01) = Jg
[£(02) = foo > In(62) = I

%

\%

which shows that
fii > Jg, 22 > h.

Taking traces, we get the desired result (10.1). A similar proof is given by Kagan & Landsman
(1997).

11 Inequalitieson Principal Submatricesof an nnd Matrix

A k x k principal submatrix of an nnd matri& : n x nis a matrix{ A] : k x k obtained by retaining
columns and rows indexed by the sequefige... ,ix) wherel <i; <i, < ... <ix <n.ltis
clear that ifA > 0, then[A] > 0.

THEOREM11.1. If A is nnd matrix, then (iJA2] > [A]?, and if Ais pd (i)[A~!] > [A]7}, and
(iii) [X'I[AI7M[X] < [X’A~1X] where X has the same number of rows as A.

Proof. All the results are derived by observing that

A X
>0 (11.2)
X' X'A1X
which implies
[Al [X]
>0 (11.2)

[X'] [X'A"1X]

and taking a Schur complement for special choiceX ofor (i), chooseA? for A andX = A. For

(i), chooseX = 1. (iii) Follows directly from (11.2). Different proofs and additional results are
given by Zhang (1998). a
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Résumé

Les ouvrages sur les melés lireaires et I'analyse multivé&e incluent un chapitre sur I'aglgre matricielle, toud fait
a juste titre, car lesesultats matriciels sont utifis dans la discussion degtinodes statistiques dans ces domaines. Dans
les aniges écentes, sont apparus de nombreux articles dans lesquésuktats statistiques obtenus sans avoir recours aux
theomes matriciels orite utilises pour @montrer desasultats matriciels qui sont euxemes utili€s pour @rérer d’autres
résultats statistiques. Cela peut avoir une valédagogique. On ne veut pas dire pour autant que la connaissaalzbler
de la tleorie matricielle n'est pastnessaire pougtudier les statistiques. On cheréhenontrer qu’un usage judicieux de
résultats statistiques et matriciels pourrait a@léournir des @monstration€legantes de probies autant en statistique
gu’en algtbre matricielle et rendrectude des deux sujets @tinteressante. Des notions basiques des espaces vectoriels et
des matrices sont cependa@tessaires et elles s@voqgiees dans l'introduction de cet article.
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