Stat 742 Homework #7 Solution Fall 2008

6.10) Leta=3,n=2,and n;j=2. Then the design matrix is
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Xo and by refer to the design matrix and parameters for the overall mean and the main
effects ¢,1=12,3and ﬁj, J=1,2, and X; and b, for the six interaction terms. The

hypotheses for no interaction are Hy: by =0 vs. Ha: by # 0.

But, the y; 's are not estimable, since their coefficient vectors are confounded with the

man effects. [The columns (1, 2) (3, 4) (5, 6) in X; add up to the columns for ¢, (e, )(z;)
respectively. Similarly, the columns (1,3,5) (2,4,6) in X; add up to the columns for
B, (,) respectively. However, since all six columns add up to the first column in Xo, the

rank of (R, — PXO): 2]. Now, the SSE for the full model isy (I — Py)y

The SSE for the reduced model is y (I — P, )y

S0 SSEReduced — SSErun = Q(by) — Q(b) =y (Px — Px,)y
Y (Px—Pxy)y/s

The test stat is F = 70 Py/(N-D

Here, rank(X) = r =6, rank(Xo) = 4, so s = rank (P, _PXO): 2andN-r=12-6=6

So the test stat F is based on the F; ¢ distribution.

6.11) The design matrix is
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The hypothesis is Ho: p1 =0 vs. Hy: B1 #0
Rank(X) =2 and Rank(xo) =1,s0s=2-1=1and N-r=5-2 = 3. Furthermore,

5 A _ n n 5
since X =3,and ) (% —X)* =10, it follows that 4, =Y -3/, and 4, = > (i—3)Y; /10.
i=1 i=1



So the test stat is based on the Fy 3, or equivalently a t; distribution. Since, F; 305 = 10.128
v (Px—Px )y/1 _ 103

The test stat in this case is F* = TR TR - :
Py N .
S04 -Y)?~105]

i=1

Of course, Ho: B1 = 0 is rejected if F* > 10.128.

If B1 = 6, then the distribution of the test stat F* is a non-central F with 1 and 3 d.f., and
non-centrality parameter ¢ = Y2 108%/0%, i.e., F1 3(¢ = % 108%/c7). Thus,

If B1 = 0.1, then F*~ Fy 5(¢ = 5(.01)%/c7), power = P(F1 3(5(.01)%/c%) > 10.128)

If B1 = 0.2, then F*~ F1 (¢ = 5(.02)%/57), power = P(Fy 3(5(.02)%/c%) > 10.128)

If B2 = 0.3, then F*~ F1 3(¢ = 5(.03)%c%), power = P(Fy 5(5(.03)%/c%) > 10.128).

6.18) Inthiscase, nj=n=>5, and a = 3, so there are a total of (3) =3 ; — o pairs. Note that,

since E(6%) =02, but E(6) # o, it will be easier to find Expected squared length of the intervals.
Furthermore, each of these intervals is of the type O+d &, where d changes from procedure to
procedure, with the length = 2d&. Therefore, E[(length)’] = 4d%c>.

Bonferroni Intervals: dg :<t12 (g)\E>
"6

Scheffe: ds = (\E\/ZFz,lz,a>

Tukey: dr = (\/% qgllzja) [The book has a typo for Tukey d.f. : n(a-1) should be (N-a).]

Using the Tables for t, F and q distribution, the values of d[=(d/, /%)]for a=0.1are
dg~24, d,=2.37, d, =)
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. - 1 0 1 o0 |a
6.24) The design matrix is Xb =2 | 2 :‘ .
L, 0 0 . 1]l
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a)P’b=[0 n; .. n, .
0,

b) If P’b were estimable, P> would be in the C(X”). However, P cannot be obtained from
any linear combination of the columns of X, since, the only way to get n; to be the
coefficients of a; is to consider nix; + NyXo + ... + ngX,, but the first element will not be 0.
So P’ is not in C(X”), and thus P’b is not estimable.
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Taking the g-inverse of (X’X) using the a by a submatrix on the lower right:
[Ny 0
h = W)Y —O 0 nl}_’.. _371. . . . .
b=(X’X)X’y = [0 diag(ni_l)] =) and this solution is not unique.
n,y. Ya.
Z
- Vi.—Z
Now the general solutionis b + (I - (X°X) X’X)z = YL .
}_’a. —Z
d)P'b =3 1n(y. —2) =0=>2z¥_ n = ¥ nyy; =>z =X 0y / X0y
0 1
So a solution that satisfies the constraint is b :ly}}zlal—“;“ -1,
. i=1"
Ya. -1

[Note that this solution is same as if we substitute the side condition, Zniozi =0,in the

normal equations. Then the normal equations are Nu=Ny , n(u+e,)=y;,i=1---a

XX P B] _ [x’xi) +PO| _ Xy +PO]_ XV ro_
)b o[e P'b Ve =1
This is true since b satisfies the normal equation and P’b = 0 as shown in part d.

N n; n n, 07 N n; np n, 07
n; nq 0 0 n, 0 nq 0 0 nq
f)[xlg( l(;] - n:2 0 nz X n'z (Col 1—-Col a+2) O O n'z 0 n_2
n, 0 0 .. n, n, 0 0 0O .. n, n,
0 n; n, .. n; O 0 n; n, .. n; O
N n; np, .. n; 07
0O np 0 .. 0 n
0 0 n, .- 0 n,
Col a+2—sum rows 2 through a+1, : : : : :
0 0 O .. n, ng
0 0 O .. O O

Now the reduced matrix is a triangular matrix and thus is nonsingular.



7.9)

g) X’X + PP’)b = X’Xb + PP’b = X’y + P(0) = X’y

[1n1 1,, O 0
1 0 1 0
h) [X] — o : r:12 . :
L F 1,
n, w1y,
l 0 n; np .. naJ

X has rank a and normally, the sum of rows 2 through a+1 add up to row 1, but in this
case, it does not since Xn; # 0. So this matrix is nonsingular.

If we consider the full model,

Bo |
1y B1 |
Xb = B |:

2 a—1
X11n1 Xl 11’11 Xl 1111

1

|
|| B =1 xa [7)

X211, | 1

, lBa—lJ

and x;s are all different, the column rank of the design matrix is full (= a) since no
column of X can be written as a linear combination of other columns.

2
1n Xalna Xa ]-na

a

Totest Hp: B2=... =Ba1=0, i.e.,[b;y = 0], in this model, the reduced design matrix for
the simple linear regression model is Xo.

For the lack of fit test, the full ANOVA model is given by equation (7.10),
[181 10 . g ] Hy
Ey=zu=| . ™ 7 |7

o

The column rank of this matrix is also a, and both £ and . are a-dimensional vectors.

1 Il

Let z,denote the i column of the matrix Z. Then % z,1=1---,a,are mutually

ni
orthogonal vectors, each of length 1, so they form an ortho-normal basis of the column
space of Z. Clearly, the first column of X, :Zzi , and the second column of Xg :ZXi Z .

Therefore, C(X,) = C(Z). More generally, the k™ column of X = > x'z,,k=12,--+,3,
therefore, C(X) < C(Z). However, since rank(X) = rank(Z) = a, it follows that

C(X)=C(Z). Hence the full ANOVA model and the polynomial model are equivalent to

each other. Furthermore, since the reduced model under H, is nested in the polynomial
model, testing H is equivalent to testing for the lack of fit of the simple linear regression.
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7.12) @) The row-reduced matrixis|0 9 * -t ¢ 0 1 -
looo o 01 -1 o
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=>X +Xe+Xe =0, X0 —Xa+X7—Xg=0,Xz3—Xq4+ X7 —Xg =0, X5 —Xg = 0, Xg — X7 = 0.
=> X1 = -Xg4 — Xg, X2 = Xa — X7 + Xg, X3 = X4 — X7 + Xg, X5 = Xg, and Xg = X7

[RI=IR
|
|

|
So N(X) = l 0
|
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b) To be estimable, the vectors must be orthogonal to all vectors in the null space.
)P1—P3=[000010-10]b=Xb=>1Lv1=0,A v, =-1, A v3 =1, not estimable
i)o—az3=[001-10000]b=>A"v1=0,1 vy =-1, X vz = 1; not estimable
iii)B1—Ps=[0000200-1]b=>A"v1=0; X’v, =0, X’v3 = 0; estimable
iv)p+ap=[11000000]b=>1v1=0,Lv,=-1, L vz = 0; not estimable.

= {v1, V2, V3}
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For this simple model, estimability of any linear function, can be checked by writing the
expected value of an arbitrary linear combinations of the observations. Now

E[I'Y]=I'Xp= (Zli)ﬂ"‘ (L +1)eg +(+1)e, + (s +le) o + 15+ (L +15) 5, + (1, +1,) B+ 1 5,
Now, consider, e.g., B1 — B3, and match the coefficients in the above functions, we need
I, =11, +1, =—1,and all other coefficients to be zero. This is not possible, since

I, +1, =0,l, =0=1, =0, which is a contradiction to |, =1. One can check that only p; —
B4 1s estimable in the above list. In addition, B, — B3 is also estimable.

c) To test Ho: B1 = B2 = B3 = P4, all pair-wise differences of f3;'s must be estimable.

However, only B; — Bsand B, — B3 are estimable, and 1 — B2, Bz — Pa, B1 — Bs, and P2 — Pa
are not estimable. So this is not a testable hypothesis.

d) E(Z) = |E(y22) — E(y23) B2 — B3
E(ys1) — E(y34) Br—Bs

V(z1) = V(Y12) + V(y13) — 2c0V(Y12, Y13) = 207 since all yij are independent and
V(yij) = o’
Likewise, V(z2) = V(z3) = 26°.
Cov(z1, 22) = cov(Y12, Y22) — COV(Y12, Y23) — COV(Y13, Y22) + COV(Y13, Y23) =0
Cov(z, z3) = cov(Y12, Y31) — COV(Y12, Y34) — COV(Y13, Y31) + COV(Y13, Y34) =0

E(yi2) — E(Y13)] [Bz - 83]



Similarly, Cov(z, z3) =0
So cov(z) = 26°l3, i.e., z1, Z,, and z3 are mutually independent random variables.

e) E(z1— z2) = 0 and V(21 — 25) = V(z1) + V(22) = 46°

S0 21— 22~N(0, 46°) => [1/20)](z1. — 22) ~ N(0, 1) => [1/(40")](21 — 22)" ~ 1°

where ¢, = 1/(46%), whether or not H is true.

f) Now, 21\7722 ~N(V2(B; — B3), 262). Since, 1, Z, are iid normal random variables, z; +
~N(0,1).
Furthermore, z3 ~ N(B1 — B4, 26°), independent of z; + z,. In addition, B — B4 =0
=>"3 <N(0,1).

\/_
1 ((z1+2)°
Therefore, — (% + 232) ~x5 (), where ¢ =

2 and 7 — , are independently distributed. In addition, B, — B3 = 0 => 272

(28~ +(B-1Y)

and it is independent of z; — z,. Of course, H implies ¢ =0, but ¢ is zero iff B, = B; and

1= Pa.

g) As shown in part e, the denominator of G is distributed as x?, and as shown in part f,
the numerator of G is distributed as x3 under H, and they are independently distributed,
hence, under H, G ~ F;, ;. From the tables, P(F21 > 199.5|H) = 0.05, so c3 = 199.5

h) As discussed in part f) above, let B; = B4 =a and B, = 3 = b, where a #b. Although H

1 ((21+Zz)

is no longer true, -— + 75 ) and [1/(46%)](z1 — z,)? are still independent random

variables each with a y° distribution. So G still has the same F, distribution, thus P(G >
c3f*) = 0.05.



