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5.3) a) EY(e
tY

) = EX[EY|X(e
tY

)] = EX  e a+bx  t+
1

2
γ2t2

 = eat +
1

2
γ2t2

Mx bt  

 = eat +
1

2
γ2t2

eμbt +
1

2
σ2b2t2

= e a+μb t+
1

2
(γ2+σ2b2)t2

 

 Thus, the mgf of Y is that of a N(a+bμ, γ
2
 + σ

2
b

2
) distribution.  It follows from the 

Uniqueness Theorem that Y~N(a+bμ, γ
2
 + σ

2
b

2
). 

 

 b) EY(e
tY

) = E(e
t(a+bX+U)

) = e
at
MX(bt)MU(t)  

  = eat eμbt +
1

2
σ2b2t2

e
1

2
γ2t2

 = e a+μb t+
1

2
 b2σ2+γ2 t2

 

 Thus, the mgf of Y is that of a N(a+bμ, γ
2
+b

2
σ

2
).  So Y~ N(a+bμ, γ

2
+b

2
σ

2
). 

 

 c) fXY = fY|XfX = λe
-λx

xe
-xy

 = λxe
-(λ+y)x

 

  fY =  fXY dx
∞

0
=   λxe−(λ+y)xdx 

∞

0
=

( )y xxe dx  

  

  The integral is a Gamma function with shape parameter 2 and scale parameter ( ).y     

Therefore, fY(y) = 
λ

(λ+y)2 I(y > 0). 

 

 d) Suppose X~Exp(λ) and U~Exp(γ)  

  fY(y) =  fX,Y−X  dx
∞

0
 =  λγe−λx−γ(y−x)dx

∞

0
 = 

λγ e−γ y

(λ−γ)
 . We want to find γ such that 

  
λγ e−γ y

(λ−γ)
 = 

λ

(λ+y)2, for all y. Since the function 2( ) yy e   is not a constant (the derivative 

of its log = 
2

,
y







which is not zero for all y), so no such value of γ exists. 

 e) Answers will vary depending on distribution used.  One such example is the uniform    

 distribution.  Let X~Unif(0,1) and Y|X~Unif(x, x+1). 

  fY =  fY|X fX
1

0
dx = 1I(0 < x <1, x < y < x+1), call this result * 

  Now suppose Y = X + U where U~Unif(0,a) 

  fY(y) =  (
1

a
)dx

1

0
=

1

a
 I(0 < x < 1, x < y < x + a), call this result ** 

 So if a = 1 such that U~Unif(0,1), then the results * and ** are equal. 

5.11) From result 5.6, E(U) = p + 2φ and V(U) = 2p + 8φ. 

  The mgf of U is mU(t) = (1 – 2t)
-p/2

e
2φt/(1-2t)

 

  mU’(t) = p(1 – 2t)
-(p+2)/2

e
2φt/(1-2t)

 + (1 – 2t)
-p/2

e
2φt/(1-2t)

2φ 
 1−2𝑡 +2𝑡

(1−2𝑡)2
  

  = p(1 – 2t)
-(p+2)/2

e
2φt/(1-2t)

  + (1 – 2t)
-(p+4)/2

 e
2φt/(1 – 2t)

2φ 

  mU’(0) = p + 2φ, thus E(U) = p + 2φ 



  mU”(t) = p(p+2)(1 – 2t)
-(p+4)/2

e
2φt/(1-2t)

 + p(1 – 2t)
-(p+2)/2

 e
2φt/(1-2t)

2φ 
1

(1−2𝑡)2
  

  + (p+4)(1 – 2t)
 -(p+6)/2

e
2φt/(1 – 2t)

2φ + (1 – 2t)
-(p+4)/2

e
2φt/(1 – 2t)

4φ
2 

1

(1−2𝑡)2
  

  mU”(0) = p(p+2) + 2φp + 2φ(p+4) + 4φ
2
 = E(U

2
) 

  So V(U) = E(U
2
) – E(U)

2
 = p

2
 + 2p + 2φp + 2φp + 8φ + 4φ

2
 – (p

2
 + 4φp + 4φ

2
) 

  => V(U) = 2p + 8φ. 

A simpler approach is to use the cumulant generating function gU(t) = ln(mU(t)). Note 

that, E(U) = g’(0), V(U) = g”(0). Now, 
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Now, Lemma 4.1 states that if E(Z) = μ and Cov(Z) = Σ, then E(Z’AZ) = μ’Aμ + 

trace(AΣ).  Suppose Z~N(μ, I). 

 Using the Result 5.10, A = I such that U = X’X~χ
2

p(φ = μ’μ/2) 

 Then E(U) = E(X’X) = p + μ’μ = p + 2φ.  Note that trace(AΣ) = trace(I) = p. 

 Result 4.6 states that if P is symmetric and e is a vector such that  

 E(ei) = 0, V(ei) = σ
2
, E(ei

3
) = γ3, and E(ei

4
) = γ4, then 

 V((μ+e)’P(μ+e)) = 4σ
2
(μ’P

2
μ) + 4γ3ΣiμiPiiΣjPji + 2σ

4
Σi≠jPij

2
 + Σi(γ4 – σ

4
)Pii

2
. 

Here use σ
2
 = 1, γ3 = 0, and γ4 = 3. 

 Then V((z – μ)’P(z – μ)) = 4(μ’μ) + 2Σi≠jIij
2
 + 2ΣiIii

2
 = 8(μ’μ/2) + 2*0 + 2p = 8φ + 2p 

5.14) a) From 5.12, mU(t) = |I – 2tAV|
-1/2

exp{-(1/2)[μ’V
-1

μ – μ’(V – 2tVAV)
-1

μ]}  

  Now, if gU(t) = log(mU(t)) denotes the cumulant generating function, then 

   E(U) = g’(0), V(U) = g”(0).  

   gU(t) = -(1/2)log(|I – 2tAV|) – (1/2)[μ’V
-1

μ – μ’(V – 2tVAV)
-1

μ] 

  Recall from problem A.73 on homework 1 that the derivative of |I + tV| at t=0 is trace(V). 

     Ug t = −
1

2

trace (−2AV )

|I – 2tAV |
+

1

2
 μ′ V –  2tVAV 

−1
VAV V –  2tVAV 

−1
μ  −2     

  =  
trace (AV )

|I – 2tAV |
−  μ′ V –  2tVAV 

−1
 VAV  V –  2tVAV 

−1
μ  

     Ug t = 2|I – 2tAV |
-2

trace(AV)
2
 +  

   (1/2)μ’(V – 2tVAV)
-1

(-2VAV)(V – 2tVAV)
-1

(-2VAV)(V – 2TVAV)
-1

μ + 

   (1/2)μ’(V – 2tVAV)
-1

(-2VAV)(V – 2tVAV)
-1

μ 

     Ug t = 2trace(AV)|I|
-2

 + 2μ’V
-1

(VAV)V
-1

(VAV)V
-1

μ + 2μ’V
-1

(VAV)V
-1

μ 

   = 2trace(AV)
2
 + 4μ’AVAμ = V(X’AX) 

 b) If X~Np(0, V) then mU(t) = |I – 2tAV|
-1/2

 => gU(t) = -(1/2)log|I – 2tAV| 



     Ug t = -(1/2)|I – 2tAV|
-1

trace(-2AV) = trace(AV)|I – 2tAV|
-1

 

   0  Ug = -trace(AV)|I|
-2

(trace(-2AV)) = 2trace(AV)
2
 = V(X’AX) 

5.18) a) (=>) Suppose A is idempotent.  Then (I-A) is also idempotent. It is known that the rank 

of an idempotent matrix is equal to its trace. Thus rank(I-A) = p - trace(A) =p – rank(A). 

=> rank(A) + rank(I – A) = p 

(<=) Suppose rank(A) + rank(I – A) = p 

Since A is symmetric, N(A) is orthogonal to C(A’) and C(A) 

=> I – A is in N(A) since rank(A) + rank(I – A) = p 

=> A(I – A) = A – AA = 0 => A = AA, thus A is idempotent. 

b) (A+B)
2
 = A

2
 + AB + BA + B

2
 = A + AB + BA + B = A + B 

=> AB + BA = 0 => AABB + ABAB = AB + ABAB => AB(I + AB) = 0 

=> AB = 0 

c) Note that C(ΣAi) ⊆ ΣC(Ai) => dim(C(ΣAi)) ≤ dim(ΣC(Ai)) 

=> rank(ΣAi) ≤ Σrank(Ai) 

5.21) Given X|Z and Y|Z are independent and the distribution of Y|Z=z does not depend on z 

Then fX,Y|Z = fX|ZfY|Z = fX|ZfY  

=> fX,Y =  fX|ZfY|Z fZdz = fY  fX|ZfZdz since Y does not depend on Z 

=> fX,Y = fY  fX,Zdz = fX fY   

Thus, X and Y are independent random variables. 

4.6) a) E(b 1) = Σ(zi – z )(E(yi) – E(y ))/Σ(zi – z )(xi – x ) 

= Σ(zi – z )(β0 + β1xi – 0)/ Σ(zi – z )(xi – x ) 

= [Σβ0(zi – z ) + Σβ1xi(zi – z )]/Σ(zi – z )xi = β1 (Since Σ(zi – z ) = 0) 

Thus, it is unbiased. 

b) V(b 1) = V(Σ(zi – z )yi/Σ(zi – z )xi) =  
Σ(zi  – z )2

[Σ(zi  – z )xi ]2 σ2 = 
Σ(zi  – z )2

[Σ(zi  – z )(xi−x )]2 σ2 

c) When xi = zi, then V(b 1) = 
σ2

Σ(xi  – x )2 

So 
V(b 1)

V(b 1)
=

σ2/Σ(xi−x )2

σ2Σ zi−z  2/[Σ(zi  – z )(xi−x )]2 =
[Σ(zi  – z )(xi−x )]2

Σ(xi−x )2Σ(zi−z )2 ≤ 1  

Thus, b 1 is the BLUE. 

5.26) a) X(Z’X)
-1

Z’X = X, thus (Z’X)
-1

Z is a generalized inverse of X. 

b) b  = (Z’X)
-1

Z’y since (Z’X) is full rank 

b  is normal with mean E(b ) = (Z’X)
-1

Z’E(y) = (Z’X)
-1

Z’Xb = b 

Variance V(b ) = (Z’X)
-1

Z’V(y)Z(Z’X)
-1

 = σ
2
(Z’X)

-1
Z’Z(Z’X)

-1
 

So b ~N(b, σ
2
(Z’X)

-1
Z’Z(Z’X)

-1
) 

c) Since Y~N(Xb, σ
2
I) and I – PZ is idempotent with rank N – 2, 



Then 
1

σ2 y′ I − PZ y~χN−2
2 (φ =

1

2σ2
 Xb ′ I − PZ  Xb ) 

d) If β1 = 0, then β 0 = y  and thus, b ∈ C(Z′) => b(I – Pz) = 0 

Thus, φ =  Xb ′ I − PZ  Xb  = 0.  

e) Given y ~ N(Xb, σ
2
I) and b  = (Z’X)

-1
Z’y 

By Corollary 5.3, b  and I – PZ are independent if (Z’X)
-1

Z’(I – Pz) = 0 

= (Z’X)
-1

Z’ – (Z’X)
-1

Z’Pz = (Z’X)
-1

Z’ – (Z’X)
-1

Z’Z(Z’Z)
-1

Z’  

= (Z’X)
-1

Z’ – (Z’X)
-1

Z’ = 0 

Thus, they are independent. 

f) Since β1 = 0, 
1

σ2 y′ I − PZ y is a centralized χ
2
 distribution  

Also, β 1~N(0, σ
2
ν) =>

2
21
12

 ~
v







  

Thus the distribution is F1, N-2. 

g) e  = y – Xb  = y – X(Z’X)
-1

Z’y = (I – X(Z’X)
-1

Z’)y => P = (I – X(Z’X)
-1

Z’) 

h) P’ = I – Z(Z’X)
-1

X’ ≠ I – X(Z’X)
-1

Z’ so it is not symmetric. 

PP = I – 2X(Z’X)
-1

Z’ + X(Z’X)
-1

Z’X(Z’X)
-1

Z’ = I – 2X(Z’X)
-1

Z’ + X(Z’X)
-1

Z’ = P 

Thus, P is idempotent. 

i) E(e ) = Xb – X(Z’X)
-1

Z’Xb = (I – X(Z’X)
-1

Z’)Xb = 0 

V(e ) = Cov(y – Xb ) = Cov((I – P)y) = σ
2
(I – X(Z’X)

-1
Z’)(I – Z(Z’X)

-1
X’) 

Also, e  and b  are independent since b  = (Z’X)
-1

Z’y and e  = (I – X(Z’X)
-1

Z’)y 

=> (Z’X)
-1

Z’(I – X(Z’X)
-1

Z’) = 0 and by Corollary 5.3, they are independent. 

Thus,  b 

e
 ~N   

b
0
 , σ2  

 Z′X −1Z′ Z(X′Z)−1 0

0  I − X Z′X −1Z′ (I − Z X′Z −1X′ )
   

j) From Result 5.15, P must be symmetric and P’P must be idempotent.  

P = I – X(Z’X)
-1

Z’ is not symmetric as shown in part h.   

In addition, P’P is not idempotent. 

We cannot show that the distribution of ||e||
2
/σ

2
 is a chi-square. 

5.28) E(XN) = p + 2φN and V(XN) = 2p + 8φN 

Let ZN = 
XN −(p+2φN )

 2p+8φN
 , so that E(ZN) = 0 and V(ZN) = 1 

The mgf of XN is (1 – 2t)
p/2

e
(φt)/(1-2t)

  

The mgf of ZN is mZ(t) = E[exp{t
XN −(p+2φN )

 2p+8φN
}] = exp{

−(p+2φN )t

 2p+8φN
}E[exp{

t

 2p+8φN
XN }] 

= 𝑒𝑥𝑝  
−(p+2φN )t

 2p+8φN
 

           
 1 − 2

t

 2p+8φN
 
−p/2

             
exp 

2φN  
t

 2p +8φ N
 

1−2
t

 2p +8φ N

  

To take the limit of ln(mgf) as φN → ∞, let .
2 8

N

N

t
t

p 



 Hence, 0,  as .N Nt     



 Now, 
2

ln[ ( )] ( 2 ) ln(1 2 ) .
2 1 2

N N

Z N N N

N

tp
M t p t t

t


     


  

 Since ln(1- ,  for x near zero,x x) -

22 4
ln[ ( )] 2 2 .

2 1 2 1 2

N N N N
Z N N N N

N N

t tp
M t pt t t

t t

 
      

 
  

 However, 
2

2 21
4 4  as . 

2 8 2
N N N N

N

t
t t

p
  


  


Therefore, 21

lim ln[ ( )] .
2N

ZM t t
 

  

Hence, the limiting value of 
21

2( ) ,
t

ZM t e which is the mgf of the N(0,1) distribution. 

Thus, by uniqueness theorem, suitably centered and scaled NX , converges in distribution 

to a normal, as φN → ∞. 

  

 


