Stat 742 Homework 5 Solutions Fall 2008
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1 1
a) Ex(e") = Ex{Evx(e™)] = By (*P072°) = 2" M, (b

at+%y2t2 ubt+%02b2t2 _ e(a+ub)t+%(y2+c52b2)t2

-€ e
Thus, the mgf of Y is that of a N(a+bp, y* + 6°b?) distribution. It follows from the
Uniqueness Theorem that Y~N(a+bp, y* + °b?).

b) EY(etY) — E(et(a+bX+U)) — eath(bt)MU(t)
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Thus, the mgf of Y is that of a N(a+by, y*+b%?). So Y~ N(a+bp, y*+b%c?).

C) fxy = fY|fo = }\,e')‘xxe'xy — }Lxe-()ﬁy)x
fy = fooo fyydx = f0°° Axe~A+Yxdx :ﬂ“J. xo- Xy

The integral is a Gamma function with shape parameter 2 and scale parameter (1+ ).

Therefore, fy(y) = ﬁ Iy > 0).

d) Suppose X~Exp(A) and U~Exp(y)

fy(y) = fooo fyy_x dx = fOOO Aye ™ Y0=9dx =X \We want to find y such that

A-y)
A(Y;__Yy)y = ﬁ for all y. Since the function (1 + y)®e Y is not a constant (the derivative

. 2 L :
of its log = T—y,whlch is not zero for all y), so no such value of y exists.
+y

e) Answers will vary depending on distribution used. One such example is the uniform
distribution. Let X~Unif(0,1) and Y|X~Unif(x, x+1).

fy = fol fyxfy dx = 11(0 < x <1, x < y < x+1), call this result *

Now suppose Y = X + U where U~Unif(0,a)

fv(y) = fol(i)dx = i I(0<x<1, x<y<x+a), call this result **

So if a = 1 such that U~Unif(0,1), then the results * and ** are equal.

From result 5.6, E(U) = p + 29 and V(U) = 2p + 8¢.

The mgf of U is my(t) = (1 — 2t)P2e*v(1-29

my’ (t) — p(l B Zt)-(p+2)/2e2(pt/(l—2t) + (1 _ Zt)-plzeztpt/(l-zt)z(P[(:Etz)tJ)rZZt]
=p(l - Zt)-(p+2)/2e2<pt/(l-2t) +(1- Zt)-(p+4)/2 2ot(l - 2t)2(P

my’(0) = p + 2¢, thus E(U) =p +2¢



mu”(6) = p(pt2)(1 — 26 (pra)/2g201(1-20) . p(L—2t) (p+2)12 G201/(1 2t)2(p[(1 2t)2]

+ (p+a)(1—20) (p+6)12g200(1 - 2t)2(P +(1=2ty (p+4)2200(1 - 2t)4 [

my”(0) = p(p+2) + 29p + 20(p+4) + 4¢” = E(U)

So V(U) = E(U%) — E(U)* = p* + 2p + 2¢p—+20p + 8¢ + 4¢° — (p° + 4¢p + 4¢°)
=>V(U) =2p + 8¢.

= 2t)2]

A simpler approach is to use the cumulant generating function gy(t) = In(my(t)). Note
that, E(U) = g’(0), V(U) = g”(0). Now,

Gy ©=In(m, (1)) =~ 2in(1 — 20+ 22 Therefore, g} 0 = B2+ 20 and

1-2t 1-2t  (1-2t)%’
quy-2Pt20 4 160
(1-2t)> (1-2t)> (1-2t)°
Now, Lemma 4.1 states that if E(Z) = p and Cov(Z) = Z, then E(Z’AZ) = wAp +
trace(AY). Suppose Z~N(p, I).
Using the Result 5.10, A = I such that U = X’X~¢y(¢ = p’w/2)
Then E(U) = E(X’X) =p + ’u=p + 2¢. Note that trace(AX) = trace(I) = p.
Result 4.6 states that if P is symmetric and e is a vector such that
E(e) = 0, V(ej) = 6%, E(e®) = y3, and E(e;*) = y4, then
V((wte) P(ute)) = 407 (WP + 4ysZiiPiZiPji + 26 SiPi” + Zi(ys — o*)Pii’
Here use 6> = 1, v3=0,and ys = 3.
Then V((z - p)’P(z — ) = 4(w’) + 2isli” + 25l = 8(ww2) +2%0 + 2p = 8¢ +2p

. Hence, g/, (0) = p+2¢p,and g/ (0) =2p +8¢.

5.14) a) From 5.12, my(t) = || — 2tAV[*2exp{-(1/2)[’V n — W’ (V - 2tVAV) ]}
Now, if gy(t) = log(my(t)) denotes the cumulant generating function, then
E(U) = g’(0), V(U) = g7(0).
gu(t) = -(1/2)log(|l - 2AV]) — (12)[W Vi~ W(V — 2tVAV) ]
Recall from problem A.73 on homework 1 that the derivative of || + tV| at t=0 is trace(V).

) (t) = —3 TS 4 2 [W(V - 2VAY) VAV - 2tVAV) ] (-2)

__ trace (AV)
T |I-2tAV]

gy (t) = 2|1 - 2tAV [*trace(AV)* +
(12)p’(V — 2tVAV)(-2VAV)(V — 2tVAV) 1 (-2VAV)(V - 2TVAV) ' +
(12)p’(V = 2tVAV) (-2VAV)(V - 2tVAV) i

gy (t) =2trace(AV)|I|” + 2w VI VAV)VH(VAV)V i + 20 VH(VAV)V
= 2trace(AV)? + 4’ AVAp = V(X’AX)

b) If X~N,(0, V) then my(t) = |l — 2tAV[2 => gy(t) = -(1/2)log|l — 2tAV]

~ [W(V- 2tvAv) " (vaV(V - 2tvav) g



gy, (t) =-(L2)]l - 2tAV[ trace(-2AV) = trace(AV)|l - 2tAV[*
gy, (0) = -trace(AV)|I|*(trace(-2AV)) = 2trace(AV)” = V(X AX)

5.18) a) (=>) Suppose A is idempotent. Then (I-A) is also idempotent. It is known that the rank
of an idempotent matrix is equal to its trace. Thus rank(I-A) = p - trace(A) =p — rank(A).
=> rank(A) + rank(l — A) =p
(<=) Suppose rank(A) + rank(l — A) = p
Since A is symmetric, N(A) is orthogonal to C(A”) and C(A)
=>1 - Ais in N(A) since rank(A) + rank(l — A) =p
=>A(l-A)=A-AA=0=>A=AA, thus A is idempotent.

b) (A+B)’=A’+ AB+BA+B’=A+AB+BA+B=A+B

=> AB + BA = 0 => AABB + ABAB = AB + ABAB => AB(l + AB) =0
=>AB=0

¢) Note that C(ZA;) € ZC(Aj) => dim(C(ZA))) < dim(ZC(A;))

=> rank(ZA;) < Xrank(A;)

5.21) Given X|Z and Y|Z are independent and the distribution of Y|Z=z does not depend on z
Then fx yiz = fxizfyiz = fxzfy
=>fxy = [ fyzfyzfzdz = fy [ fxzfzdz since Y does not depend on Z
=> fX,Y = fY f fX’ZdZ = foY
Thus, X and Y are independent random variables.

4.6) @) E(b1) = Z(zi — Z)(E(Y:) - EG))/Z(zi —Z)(Xi — X)
=3(zi — Z)(Po + P1Xi — 0)/ Z(zi — Z)(Xi — X)
=[ZBo(zi — Z) + ZP1Xi(zi — Z))/Z(zi — Z)Xi = P1 (Since X(zi —Z) = 0)
Thus, it is unbiased.

= z; - 7)* 2 - 7)?
b) V(by) = V(2(zi — 2)YiZ(zi — Z)x)) = —i2D" 52 = 2Ci-7) 2

E@i-Dx]?  [E(-2)(x—%)]?

o2

¢) When x; =z, then V/(by) = ;—=—

V(b)) _ o2 /%(x;—%)2 _ B -Dx—0)]?
S0 V(b1)  025(z-D?%/[2(zi - D(x—X)|?  E(x—X)2L(z;—2)? =1

Thus, b, is the BLUE.

5.26) a)X(Z’X)'Z2’X =X, thus (Z’X)Z is a generalized inverse of X.
b) b= (2’X)"2’y since (2’X) is full rank
b is normal with mean E(b) = (2’X)*Z’E(y) = (Z’X)'Z’Xb =)
Variance V(b) = (2’X)'2'V(y)Z(Z’X) ' = 4(Z’X)' 2’ Z(2"X) ™"
So b~N(b, 6*%(2’X)*Z°Z(2°X)™)
c) Since Y~N(Xb, ¢°l) and | — Pz is idempotent with rank N — 2,



5.28)

Then =y (1 = P)y~xk_z (@ = 55 (Xb) (1 — P)(Xb))

d) If p1 = 0, then B, = y and thus, b € C(Z') =>b(1 —P,) =0

Thus, ¢ = (Xb) (I — P,)(Xb) = 0.

e) Given y ~ N(Xb, 6°l) and b = (2’X)'Z’y

By Corollary 5.3, b and | — Pz are independent if (2’X)'2’1-P,) =0
= ZX)'2 - Z’X)'z’ PZ ZxX)'z - 2X)y'zzzzytz

VA CWARI VA SWAE

Thus, they are independent.

f) Since B1 =0, Gizy' (I — P,)y is a centralized y? distribution

02
Also, B,~N(0, %) :>ﬂ—; ~ ¥
o'V

Thus the distribution is F1, n-2.
) e=y-Xb=y-X@ZX)'Zy=1-XZ'X)'2)y=P=(1-X(Z'X)'Z")
h) P’ =1-Z(Z’X)"X* #1 - X(Z’X)"Z’ so it is not symmetric.
PP =1-2X(Z’X)'2’ + X(Z’X)'2’X(Z’X)'2’ = 1-2X(Z’X)'2’ + X(2’X)'2’ =P
Thus, P is idempotent.
i) E(&) = Xb-X(Z’X)'2’Xb= (- X(Z’X)*Z)Xb=0
V(&) = Cov(y — Xb) = Cov((l — P)y) = 6°(I - X(2’X)"Z")1 - Z(Z’X)'X")
Also, & and b are independent since b = (Z’X)'Z’y and & = (1 - X(Z’X)'2")y
=>(2’X)'2°(1 - X(2’X)™*Z") = 0 and by Corollary 5.3, they are independent.
B bl L [ZXZZ(XZ)™? 0
Thus, [e] ~N ([o] 0 [ 0 (1-X(Z'X)1Z)(1 - Z(X'2)X) )
j) From Result 5.15, P must be symmetric and P’P must be idempotent.
P =1-X(2’X)"2Z’ is not symmetric as shown in part h.
In addition, P’P is not idempotent.
We cannot show that the distribution of ||e||*/c is a chi-square.

E(Xn) =p +2¢n and V(Xn) = 2p + 8¢n

Let 2y = % , 5o that E(Zy) =0 and V(Zy) = 1
The mgf of Xy is (1 - Zt)P/Ze(tpt)/(l—Zt)

The mgf of ZN is mZ(t) E[eXp{tw}] = p{ \/(;)p‘*ji;m\l)t} [ p{\/m N}]

J2p+8@N
= exp {__(p+2¢n)t}[ p/2 Z@N(\/ZPJFB(PN)
J2p+8¢N \/2p+8q>N 2—213$_8w

To take the limit of In(mgf) as pn — oo, let t, = Hence, t, — 0, as ¢, > .

t
J2p+8p,



Now, In[M,, ()] = —(p + 20, ) —gln(l—ZtN)Jrlzf”“zttN |
N

Since In(1- x) ~ -, for X near zero,

Y 2ty 4¢’Nt§1
InN[M,, (t)] = —pt, +=2t, — 20, t, + =— )
(M (] Py 2 N Puin 1-2t, 1-2t,

2

However, 4¢,t3 = 4¢, Sl as @, — . Therefore, lim In[MZ(t)]:%tz.
PN >0

2p+8p,
ltz

Hence, the limiting value of M, (t) =e2 , which is the mgf of the N(0,1) distribution.

Thus, by uniqueness theorem, suitably centered and scaled X, , converges in distribution

to a normal, as on — .



