STAT 742 Homework 3 Solutions Fall 2008

3.1)

3.2)

3.6)

A%p estimable means 3 a such that E(a’y) = A%b for all j = 1,... k.
Then 5dA"b = 5d,E(a’y) = 2E(dia’y) = E(3d;a’y)
Thus, 2dA"b is estimable with the vector Sd;a’.

LS Estimators being the same for two solutions b; and b, =>A’b; = N'b,

=>N(b;=b;)=0

=> (X’X)by = X’y and (X’X)b, = X’y => (X’X)(b1 — b,) = 0 (i.e. by — b, is in N(X’X))

=>\is orthogonal to N(X’X) and is in the column space of X’ (see method 3.3 on pg. 40).
=>N’b is estimable by the property described in method 3.2.

a) To show G’ is a g-inverse of X’X, must show that (X’X)G(X’X) = X’X.
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Note that the solution for GX'y provides the estimators for the respective parameters.
c)u+a;+Bjisestimableby y. + (y; —v.) + (y_] -y) =¥ +y; 7.

a;— oy is estimableby Vi — V. — (7. — V) = Vi — Vx.

Bi—Brisestimableby y; — 7 — Yk —¥.) = ¥; —Vx

sdia; is estimable by 2di(y; — y) = Zdiy;.

2fB; is estimable by ij(yj — )7") = Efjﬂ



3.9)

a) Rank(X) = 3 since that is the number of linearly independent columns.
8 4 4 20
4 4 0 10
4 0 4 10
20 10 10 60
Then take the inverse of the 3x3 submatrix in the bottom right, and then put zeros wherever
values were not taken. Then a g-inverse of X'X is:
0 0 0 0
[0 7/8 5/8 —-1/4
“|10 5/8 7/8 —1/4
0o -1/4 -1/4 1/10
c) Using this g-inverse,

b) X’X =

0 0 0 O
v |11 00
H—GXX—1010
0 0 0 1

1 0 0 0
|-1 0 0 o0
OI)"""—1000
0 0 0 O

e) Since H’ is a projection onto C(X’) from result A.14, the basis vectors are the non-zero vectors
of H':

1 1 0
1 0 0
o( )1( o
0 0 1
1
f) From result A.15, I = H is a projection onto N(X), so the basis for N(X) is :1
0

r19 13 7 1 9 3 -3 -9
13 11 9 7 3 1 -1 -3

g) Px=XGX’ = ,and the trace is 3.




3.10)
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b) Rank(_X) is 5.

c) The normal equation is X’Xb = X’y. Here, y’ =[100, 80, 80, 80, 110, 90, 100, 140, 110, 150].
(10 4 6 2 2 2 2 211 1 110407
4 4 0 2 2 0 0 0|% 340
60600222;‘2 700
wie 12 2 0 2 0 0 0 O0llP11]_ys, 1180
SOXXb=15 5 0 0 2 0 0 oflB2|™X*Y"| 160
2 020 0 2 0 0llBa 200
2 02 0 0 0 2 0fl|p2 240
L2 0 2 0 0 0 0 2By L 260
[ 130 —ay — B3 ]
=50a; — Bz + Bas
a;
After row-reducing, the solutionis: b = 10[;;2[;12
—30 + 3
—10 + S5
.823

d) Since rank(X) is 5, then N(X) has a dimension of 3.
Calculate X’X and take the 5 by 5 submatrix in the lower right corner to generate a g-inverse.

0 0
Thus a g-inverse of X’X is [0 (%) 15]

Then calculate I - (X’X)(X’X) to get

1 0 0 0 0 0 0 O
0 1 0 0 0 0 0 O
0 0 1 0 0 0 0 O
-1 -1 0 0 0 0 0 O
-1 -1 0 0 0 0 0 O
-1 0 -1 0 0 0 0 O
-1 0 -1 0 0 0 0 O
-1 0 -1 0 0 0 0 O

So the basis for N(X) are the three non-zero vectors in I - (X’X)(X’X).
e) The 5 linearly estimable functions A'b are:

A’ =[1,1,0,1,0,0,0,0] = p + ay + Byy, LS estimator is y11 = 90

A’ =[1,1,0,0,1,0,0,0] = p + a; + By, LS estimator is y1, = 80

A3’ =[1,0,1,0,0,1,0,0] = p + a, + By, LS estimator is y,1 = 100

A =[1,0,1,0,0,0,1,0] = p + a, + By, LS estimator is y,; = 120

As’ =[1,0,1,0,0,0,0,1] = p + a, + Bys, LS estimator is y,3 = 130



3.24)

f)(a;—ay)’'=[0,1,-1,0,0,0,0, 0]b =a’b. For the vectors of N(X) = {c, ¢,, c3} obtained in d,

a’'c;=0, a'’c;=1,anda’c;=-1

Since a’ is not orthogonal to all of the basis vectors of the null space, it is not in C(X’).

Thus, o, — o, is hot estimable.

g) Calculate Xb; for all i=1,...,5 and the two that have the same values are equivalent.

11007 11007 1207 1107
100 100 120 110
100 90 100 100
100 90 100 100
100 110 100 100
Xb, = 100 Xb; = 110 Xb; = 100 Xby = 100
100 120 100 110
100 120 100 110
100 120 100 110
L100- 1120 1100 [110-

1007

_|110

-120-

100
90
90

110 =>b, = bs

120

120

120

h) Calculate A/b; for all i=1,...,5 from part (e) to obtain the expected value of all y;/'s:

Response b,

bs

Al’b = E(Y11)= L+ oy + Bll 90+0+10=100

90+0+10=100

Az’b=E(Y12)=H.+CX1+Blz 90+0+0=90

90+0+0=90

A’b =E(yy1) =+ oy + Ba 90+10+10=110

90+20+0=110

Ab=E(yn)=u+a+ By 90+10+20=120

90+20+10=120

90+10+20=120

As’b = E(ya3) = L+ 0y + B3

90+20+10=120
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c) Px = [1a5 Xa Xs](X'X) [1as Xa Xs]’
= (1/ab)1.p1." — (1/ab)Xalilay’” — (1/ab)Xelplap’ + (1/b)XaXa" + (1/a)XeXs’

L[t ofrt o 17 1 . 1
In addition, (1/ab)Xalala = — [ ] =£[s ] = (1/ab)laplay’ = Py
0 Ljlr .1 1 .1
NI P L
and, (1/ab)Xgla1a = Eli [ E]=£ : E]=(1/ab)1ab1ab'=P1
Lill .1 1 .1

=>PX: Pl_ Pl_ P1+ PXA+PXB :PXA+PXB_P1
=> PX - PXA = PXB - Pl
From Result 2.2, C(Xs) is a subset of C(X), thus PxPx, = Px_.

3.26) a) By result 3.9, by and by both minimize Q(b) = (y - Xb)'(y — Xb)
=>Q(bn) = Q(bu) + (b — by )'’X'’X(by — by ) and Q(bu) = Q(bu)
=> (by — by )'’X'X(by — by ) =0
=>X(by — by ) =0
=> Xl/)]: = XBT{
b) From Definition 3.5, N’b is estimable iff there exists a scalar c and a vector a such that
E(c+a’y) = N'b for P’b = §, and thus c + @’y is an unbiased estimate for A’b.
=>E(c+a’y)=c+a’E(y)=c+a’Xb=N\b.
From part a, Xby = Xby =>c + a Xby = ¢ + a'Xby
=>A'by = N'by

7) Note that B, = N'B where N’ = [0, ..., 0, 1]. Let X =[X,, X,,---, X Xp].

p-1?

B, = N'B is estimable, if and only if there exists a vector a such that
E(a'Y)=aXpg=A8forall g.<aX =2"
<aX;=0,i=12--,(p-l)anda’X, =1
< a s orthogonal to C[X,, X,,---, X ], and a’X | =1.

Now, if X ) € C[X,, X,,-++, X p_l], then a is orthogonal to X, and hence a'x , = 0. Therefore,

there does not exist an a orthogonal to C[ X, X,,---, pr1] , with a’Xp =1. Hence B, is not

estimable. On the other hand, if B, is estimable, the all unbiased estimators a 'off3, must be
such that a is orthogonal to C[X,, X,,---, X p_1], and a'’xX » =1.Thus ais not orthogonal to

X ,,and therefore, X | ¢ CI[X,, X,, -, Xp—l]'



