
STAT 742 Homework 3 Solutions Fall 2008 

3.1) λ(j)’b estimable means ∃ a such that E(a’y) = λ(j)’b for all j = 1,…,k. 

Then Σdjλ
(j)’b = ΣdjE(a’y) = ΣE(dja’y) = E(Σdja’y) 

Thus, Σdjλ
(j)’b is estimable with the vector Σdja’. 

3.2) LS Estimators being the same for two solutions b1 and b2 => λ’b1 = λ’b2 

=> λ’(b1 – b2) = 0 

=> (X’X)b1 = X’y and (X’X)b2 = X’y => (X’X)(b1 – b2) = 0 (i.e. b1 – b2 is in N(X’X)) 

=> λ is orthogonal to N(X’X) and is in the column space of X’ (see method 3.3 on pg. 40). 

=> λ’b is estimable by the property described in method 3.2. 

3.6) a) To show G’ is a g-inverse of X’X, must show that (X’X)G(X’X) = X’X. 
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b) GX’y = 
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Note that the solution for GX’y provides the estimators for the respective parameters. 

c) μ + αi + βj is estimable by  y.. +  yi. − y..  +  y.j − y..  =  yi. + y.j − y..  

αi – αk is estimable by yi. − y.. −  yk.    − y..  =  yi. − yk.     

βj – βk is estimable by y.j − y.. −  y.k    − y..  =  y.j − y.k     

Σdiαi is estimable by Σdi yi. − y..   = Σdiyi.  

Σfjβj is estimable by Σfj y.j − y..   = Σfjy.j  

 

  



3.9) a) Rank(X) = 3 since that is the number of linearly independent columns. 

b) X’X =  

8 4 4 20
4 4 0 10
4 0 4 10

20 10 10 60

  

Then take the inverse of the 3x3 submatrix in the bottom right, and then put zeros wherever 

values were not taken.  Then a g-inverse of X’X is: 

G =  

0 0 0 0
0 7/8 5/8 −1/4
0 5/8 7/8 −1/4
0 −1/4 −1/4 1/10

  

c) Using this g-inverse, 

H = GX’X =  

0 0 0 0
1 1 0 0
1 0 1 0
0 0 0 1

  

d) I – H =  

1 0 0 0
−1 0 0 0
−1 0 0 0
0 0 0 0

  

 e) Since H’ is a projection onto C(X’) from result A.14, the basis vectors are the non-zero vectors 

of H’: 

 

1
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0
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 ,  
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 , 𝑎𝑛𝑑  
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f) From result A.15, I – H is a projection onto N(X), so the basis for N(X) is  

1
−1
−1
0

 . 

g) Px = XGX’ = 

 
 
 
 
 
 
 
 

19 13 7 1 9 3 −3 −9
13 11 9 7 3 1 −1 −3
7 9 11 13 −3 −1 1 3
1 7 13 19 −9 −3 3 9
9 3 −3 −9 19 13 7 1
3 1 −1 −3 13 11 9 7
−3 −1 1 3 7 9 11 13
−9 −3 3 9 1 7 13 19 

 
 
 
 
 
 
 

, and the trace is 3. 

  



3.10) a) Xb = 

 
 
 
 
 
 
 
 
 
 
1 1 0 1 0 0 0 0
1 1 0 1 0 0 0 0
1 1 0 0 1 0 0 0
1 1 0 0 1 0 0 0
1 0 1 0 0 1 0 0
1 0 1 0 0 1 0 0
1 0 1 0 0 0 1 0
1 0 1 0 0 0 1 0
1 0 1 0 0 0 0 1
1 0 1 0 0 0 0 1 
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b) Rank(X) is 5. 

c) The normal equation is X’Xb = X’y.  Here, y’ = [100, 80, 80, 80, 110, 90, 100, 140, 110, 150].  

So X’Xb = 

 
 
 
 
 
 
 
 
10 4 6 2 2 2 2 2
4 4 0 2 2 0 0 0
6 0 6 0 0 2 2 2
2 2 0 2 0 0 0 0
2 2 0 0 2 0 0 0
2 0 2 0 0 2 0 0
2 0 2 0 0 0 2 0
2 0 2 0 0 0 0 2 
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 = X’y = 

 
 
 
 
 
 
 
 
1040
340
700
180
160
200
240
260  

 
 
 
 
 
 
 

 

After row-reducing, the solution is: 𝒃 =
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d) Since rank(X) is 5, then N(X) has a dimension of 3. 

Calculate X’X and take the 5 by 5 submatrix in the lower right corner to generate a g-inverse. 

Thus a g-inverse of X’X is  
𝟎 𝟎

𝟎  
1

2
 𝑰𝟓

  

Then calculate I - (X’X)-(X’X) to get 

 
 
 
 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
−1 −1 0 0 0 0 0 0
−1 −1 0 0 0 0 0 0
−1 0 −1 0 0 0 0 0
−1 0 −1 0 0 0 0 0
−1 0 −1 0 0 0 0 0 

 
 
 
 
 
 
 

 

So the basis for N(X) are the three non-zero vectors in I - (X’X)-(X’X). 

e) The 5 linearly estimable functions λ’b are: 

λ1’ = *1,1,0,1,0,0,0,0+ = μ + α1 + β11, LS estimator is 𝑦11    = 90 

λ2’ = *1,1,0,0,1,0,0,0+ = μ + α1 + β12, LS estimator is 𝑦12    = 80 

λ3’ = *1,0,1,0,0,1,0,0+ = μ + α2 + β21, LS estimator is 𝑦21    = 100 

λ4’ = *1,0,1,0,0,0,1,0+ = μ + α2 + β22, LS estimator is 𝑦22    = 120 

λ5’ = *1,0,1,0,0,0,0,1+ = μ + α2 + β23, LS estimator is 𝑦23    = 130 



f) (α1 – α2)’ = *0, 1, -1, 0, 0, 0, 0, 0]b = a’b.  For the vectors of N(X) = {c1, c2, c3} obtained in d, 

a’c1 = 0,  a’c2 = 1, and a’c1 = -1 

Since a’ is not orthogonal to all of the basis vectors of the null space, it is not in C(X’). 

Thus, α1 – α2 is not estimable. 

g) Calculate Xbi for all i=1,…,5 and the two that have the same values are equivalent. 
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, 𝐗𝐛𝟒 =
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, 𝐗𝐛𝟓 =
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90
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120
120
120
120 

 
 
 
 
 
 
 
 
 

=> 𝐛𝟐 = 𝐛𝟓 

h) Calculate λi’bj for all i=1,…,5 from part (e) to obtain the expected value of all yij’s: 

Response b2 b5 

λ1’b = E(y11)= μ + α1 + β11 90 + 0 + 10 = 100 90 + 0 + 10 = 100 

λ2’b = E(y12) = μ + α1 + β12 90 + 0 + 0 = 90 90 + 0 + 0 = 90 

λ3’b = E(y21) = μ + α2 + β21 90 + 10 + 10 = 110 90 + 20 + 0 = 110 

λ4’b = E(y22) = μ + α2 + β22 90 + 10 + 20 = 120 90 + 20 + 10 = 120 

λ5’b = E(y23) = μ + α2 + β23 90 + 10 + 20 = 120 90 + 20 + 10 = 120 

 

3.24) a) 𝐏𝐗𝐀
= 𝐗𝐀(𝐗𝐀

′ 𝐗𝐀)−𝐗𝐀
′  = 
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  = (1/b)11’ 
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c) 𝐏𝐗 = [1ab XA XB](X’X)-[1ab XA XB]’  

= (1/ab)1ab1ab’ – (1/ab)XA1a1ab’ – (1/ab)XB1b1ab’ + (1/b)XAXA’ + (1/a)XBXB’ 

In addition, (1/ab)XA1a1ab =  
1
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  = (1/ab)1ab1ab’ = 𝐏𝟏 
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1
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⋮
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  = 
1
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1 … 1
⋮ ⋮
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  = (1/ab)1ab1ab’ = 𝐏𝟏 

=> 𝐏𝐗 =  𝐏𝟏 − 𝐏𝟏 − 𝐏𝟏 +  𝐏𝐗𝐀
+ 𝐏𝐗𝐁

= 𝐏𝐗𝐀
+ 𝐏𝐗𝐁

− 𝐏𝟏 

=> 𝐏𝐗 − 𝐏𝐗𝐀
= 𝐏𝐗𝐁

− 𝐏𝟏 

From Result 2.2, C(XB) is a subset of C(X), thus 𝐏𝐗𝐏𝐗𝐁
 = 𝐏𝐗𝐁

.   

3.26) a) By result 3.9, 𝐛𝐇
  and 𝐛𝐇

  both minimize Q(b) = (y – Xb)’(y – Xb) 

=> Q 𝐛𝐇
  =  Q 𝐛𝐇

  + (𝐛𝐇
 − 𝐛𝐇

  )′𝐗′𝐗(𝐛𝐇
 − 𝐛𝐇

  ) and Q 𝐛𝐇
  =  Q 𝐛𝐇

   

=> (𝐛𝐇
 − 𝐛𝐇

  )′𝐗′𝐗(𝐛𝐇
 − 𝐛𝐇

  ) = 0 

=> 𝐗(𝐛𝐇
 − 𝐛𝐇

  ) = 0 

=> 𝐗𝐛𝐇
 =  𝐗𝐛𝐇

   

b) From Definition 3.5, λ’b is estimable iff there exists a scalar c and a vector a such that  

E(c+a’y) = λ’b for P’b = δ, and thus c + a’y is an unbiased estimate for λ’b. 

=> E(c + a’y) = c + a’E(y) = c + a’Xb = λ’b.  

From part a, 𝐗𝐛𝐇
 =  𝐗𝐛𝐇

  => c + 𝐚′𝐗𝐛𝐇
 = c + 𝐚′𝐗𝐛𝐇

  

=> λ′𝐛𝐇
 =  λ′𝐛𝐇

  

7) Note that βp = λ’β where λ’ = [0, …, 0, 1]. Let 
1 2 1[ , , , , ].p pX X X XX    

βp = λ’β is estimable, if and only if there exists a vector a such that  
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Now, if pX ∈ 1 2 1[ , , , ]pC X X X  , then a is orthogonal to pX , and hence 0pa X  . Therefore, 

there does not exist an a 1 2 1orthogonal to [ , , , ]pC X X X  , with 1pa X  . Hence βp is not 

estimable.  On the other hand, if βp is estimable, the all unbiased estimators a’Yof βp must be 

such that 1 2 1 is orthogonal to [ , , , ],  and 1p pa C X X X a X
  . Thus a is not orthogonal to 

pX , and therefore, 1 2 1[ , , , ].p pX C X X X      


