Stat 742

Homework 2 Solutions Fall 2008

Problems 2.2, 2.5, 2.11, 2.15, 2.19 (2.2, 2.11, and 2.15 will be graded)

2.2)

2.5)

X X
Letu= m = w
Then you can write f(u) in Lagrangian form in example B.3: f(u) = u’Au + A(u’u — 1).

Then following example B.3:

%=[A+A']u—27\u=0=>2Au=2)\u => Au = 2\u

so that f(u) = u’Au. Note that u’u =1.

Thus the solution of u where % = 0 are the normalized eigenvectors of A.
of _0fou_qg_y s of _
ax—auax-0->lfau—o,then ax—O.
Thus, the solution to % =0 are the eigenvectors of A.

As aresult, for Ay 2\, 2 ... 2 A, are the eigenvalues of A,
x' Ax . X'Ax
2 min,——=X7\;
X X

If A'is not symmetric, the same result will not hold because

0

P [x'Ax] =[A+ A']x and therefore, the solution is not an eigenvector of A since A + A’ # 2A.

By the chain rule,

>

B =

A, = max
P X xlx

But, the quadratic form doesn’t change if you replace A by (A + A’/2. Therefore, you can assume
that A is symmetric.

Want to find B such that X’XB = X'.
Note that X’X is a full rank matrix in this model, so if B = (X’X)™™X’, then X’XB = X’X(X’X)*X’ = X".
B = (X'X)'X’ =

[1 x; 0 0 1 -
[1 1 0 0 ]| : : : |\ [1 1 0 0 1
| %11 X1N, 0 0 ||1 X1N, 0 0 [T [x1 X1N, 0 0 |
|| o 0 1 1lo 0o 1 x, || |o0 0 1 1]
| o 0 xy o i 8 I/ Lo 0 xy Xon, )
0 0 1 x,l
(M Zx, 0 071 0 07
=|ZX11 Yx% 0 0 I | %11 Xy, 0 0 |=[XiX1 0 ]1[X1 0
| 0 0 N, Zxy| |0 0 1 117l o xxl lo x;
L o 0 Yxy fol-J Lo 0 xy xZNZJ
1 x4
Where X; = |- - |. Next, apply the property of the inverse of a partitioned matrix.
1 XN;
"y y—1
= (Xl)(()l) (Xé)?z)—l] [)31 )?2 = (X1 X)X + (XX)7'X,

2
/ x5
where (X; X)) = ! [ 2%

N; ZX,-Zi— Cx1)?

_iji]
Xy N



2.11)

a) The rank of X is 3.
b) The dimension of C(X) is the rank of X (= 3), and there are three nonzero vectors [1,1,1,1,1],
[-1,0,0,1,1]’, and [1,0,0,1,1]’ .
¢) The dimension of N(X) is the number of columns (in this case since there are fewer columns
than rows) minus the dimension of C(X), so the dimension of N(X) is 1.
After doing a row reduction in solving the equation Xx = 0, the equations obtained are:
X1 =0, X, + X4 =0, and x3 = 0 => x4 = -X;, so the vector [0,-1,0,1] is in N(X).
d) The dimension of C(X’) is also 3 and the three nonzero vectors initare [1,-1,1,-1]’,[1,1,1,1],
and [1,0,0,0]".
e) Since the rank of X is 3, the rank of X'X is 3. Take a 3 by 3 block of X’X and then find the
inverse of it. Then put 0’s for all other entries.
5 1.3 1 12 0 -1/2

51) => Inverse of the 3 by 3 top-left matrix: | 0 3/8 —-1/8
3 -1/2 -1/8 7/8
-1/2 0 -1/2 0

0 3/8 —-1/8 0
-1/2 -1/8 7/8 0

0 0 0 0
f) Let b’ = [by b, b3 b,s]. Calculate Xb =y and you get the following set of equations:

bi—by+bs—bs=vy;

b=y,

bi=ys

by +by+bs+bs=y,

by +by+bs+bs=ys

[1,-1,1,-1, 1) is not appropriate because y, # ys as one of the conditions.

For [3,1,1,2,2]) and [1,0,0,2,2]’ there is a solution that satisfies all equations, so those two are

So a g-inverse is

appropriate response vectors.

g) For the vector [3,1,1,2,2]’, you automatically get that b; = 1.

Fromy,andys, by + bs + by = 1.

Fromyy, -by + bs — by = 2.

From adding these two equations, you get that b; = 3/2.

So from equation y,, b, + b; =-1/2 and from y,, you also get b, + b, =-1/2.

Thus, the solution is by = 1, bs = 3/2, and any b, and b, that satisfies the condition b, + b, =-1/2.
For the vector [1,0,0,2,2]’, you automatically get that b, = 0.

Fromy,andys, by + b+ by =2

Fromyy, -by +bs—bs=1

Adding these two equations, bz = 3/2.

So from equation y, after plugging in for b, and bs, b, + by =1/2

Thus, the solution is b, =0, bs = 3/2, and any b, and b, that satisfies the condition b, + b, = 1/2.



2.15)

2.19)

h) By result 2.8, If C(X) = C(W), then Py = Py where Px = X(X’X)'X’

Using the g-inverse found in (e), Py is:

m o o o
1/2 1/2 0
lo 1/2 1/2 0
0 0 1/2

lo o o 12

This is equivalent to Py, so the column space of U is the same as X.

a) Suppose S and T are matrices such that X = WS and X = WT

=>WS=WT=>W(S-T)=

Since W is full rank, then only 0 is in N(W)
=>W(S-T)=0S-T=0

=>S$ =T and thus, Sis unique.

b) From part a, X = WS where S is unique.
Then Xb = WSb = Wc where c = Sh.

Since S is unique, so is ¢ = Sh.

1 1/2
1 1/2
ul_xl_[l,_>ol_ U,U, =2=>Q,;=D,"U; = 1§2
1 1/2
—3/2
Uiz _10_5 . |-1/2
Next, S, = U1U1 Y thus U= X;—5,U, = l 1/2
3/2
[-3/2V5]
| _1/2v5
U,U, =V/5=>Q,=D,"U, =]
272 T 1245
| 3/2v5 |
1X3 U,X3 _ _
S =4y = 24/4 = sawsn-uwz—lw5—l
0 1 —3/2 0
0 1 —-1/2 0
soU3=X3—-513U1—53U,= lol =>D3=0,U= 1 1//2 ol , Q3
0 1 3/2 0
2 0 O]f1 5/2 6] [2 5 12
Thus,R==DS=[0 V5 0‘[0 1 2]=[o V5 245
o o ollo o 1/ lo o o
1 =372 01 s2 6 {1/2 —3/2V5
sox=us=ar= |} "% Ol 1 ol=|Y? ~1/2V5
1 1/2 0 1/2  1/2V5
1 32 of0 0 1
/ 172 3/2v5



