STAT 742 Homework #1 Solutions Fall 2008
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A.16

A.18

Suppose that x; and x, are mutually orthogonal vectors that are linearly dependent.
Then there exists a constant ¢ such that x; = cx, by Result A.2. Now,

X, —CX, =0= X/(X, —CX,) =0= XX, —CX/X, =0

= xX, =0, since x, and x, are orthogonal, i.e., x/X, =0.

But x)x, =0= x, =0. This is a contradiction, since x, # 0.
Hence, x; and X are linearly independent.

Let x andy be vectors in the null space, N[A], of A and let ¢ be a scalar.

Then Ax=0 and Ay =0, and

A(x+Yy)=Ax+Ay=0+0=0, thus x+y e N[A],

i.e., N[ A] is closed under addition.

A(cx)=cAx=c(0)=0, thus cxe N[A], i.e., N[A]is closed under scalar multiplication.

If E = FA where F is nonsingular, need to show N[E] = N[A]. Now,
xeN[E]< Ex=0< FAX=0< F'FAX=0
< Ax=0< xe N[A].

Therefore, N[E] = N[A].

The rank of A is 2, so the column space will consist of 2 vectors. After doing a row-reduction

augmentation on A = [a; a, as], you get for the row-reduced matrix A* = [a;* a,* az*]:

[10—5]
[0 1 3]
lo o ol
lo o o
0 0 oJ

so here, -5a;* + 3a,* = az* =>-5a; + 3a, = a3
So the vectors a; and a, form a basis for the column space of A.

A.19

Since the rank of A’ with 5 columns is 2, the null space consists of 3 vectors.
First, find the solution to A’x = 0. The row-reduced matrix of A’ is:
10010
0110 1]
00000
Thus, the system of equations has x; + X4 =0 and X, + X3 + X5 = 0 => X; = -Xz and X = -Xz — Xz
S0 X = [-X4, X3 — X5, X3, X4, Xs]” = x3[0, -1, 1, 0, 0] + x4[-1, 0, 0, 1, 0]’ +x5[0, -1, 0, 0, 1]’
= X3V1 + XgVo + Xs5V3
Thus, a set of basis vectors for the null space of A’ is Vi, V5, and Vs.




A.32

4)

A.36

A.44

A.49

A.50

To show that [( A’A)_1 A’} = A" is the Moore-Penrose generalized inverse of A, we must show
that it satisfies the four conditions in the Definition A.11 on page 261:

1

AL(AA)" A [A= A(AA)" AA=A
(WA A A (KR) A= (AA)" AA(AA)" A =(AA) " A

| A(AA) A'}' = A(AA) A
[(AA)"AA = (AA)" AA=1, which is symmetric.

PX’X = QX’X © PX’X - QX’X =0 & (P-Q)X’X =0

=> (P - Q)X’X(P - Q)’ = 0. Let W = X(P — Q). Then we have,
=S>WW=0=>W =0

& PX-QX’=0

& PX’ = QX’

P being idempotent means PP = P
So(I-P)I-P)=1-IP-PI+PP=1-2P+P=1-P, thus I — P is idempotent.

Note that |I,, + AB’| = [L||Im — (-A)1,"B?)| so that result A.18(e) can be applied.
=> |l + AB’| = |In||ln = B’ (-A)| = |1, + B’A|

Let A bea mxnreal matrix. Since A’A and AA'are both non-negative definite matrices, all their
eigenvalues are non-negative. In order to prove that the non-zero eigenvalues of these matrices
are same, we need to show that the non-zero roots of their characteristic polynomials

AA- 221

version of the Problem A.49, we can see that for non-zero A,

and ‘AA’—lzlm‘are same. However, using the Result A.18 (e), or a modified

"““ A =[21,[|A1, = AAL) A =[A1 ][ 41, - A(ZL) A,
A Al

However, using the Result A.18(d),

41,41, - AGAL) A = 47471, - AAY and

A1, ][A1, - AQAL) A = A7 A%, - AAlL

AA-221

A'A are same as non-zero eigenvalues of AA'.

Thus for non-zero A,

=0 < ‘AA’ —xlzlm‘ =0. Hence the non-zero eigenvalues of

a) Since v is an eigenvector of A’A with value %;, then A’Av® = H,v®

=> AA’(AVY) = 3(AVD) => AVU is an eigenvector of AA” with the same eigenvalue.
b) Using the result from (a), AV are the eigenvectors of A’A, and so is U.

From the result in A.49, the eigenvalues are the same for both A’A and AA”.



A.53

A.54

A.73

In addition, U is normalized, but not AV.

Thus, AV = UX where X is some diagonal matrix.

c) Suppose X is a diagonal matrix with diagonal entry d; in position (i, i).

AV =[Av; ... Av, ..Av,] = [dju; ...d;u, ...du,] from the result in (b).
Since the u;’s are normalized, then di=A;fori=1,....,rand0 fordi=r+1,...,n.

Thus, X = [:)1 g]

d) U’AV = U’UX using the result from (b) and since U is orthogonal,
e rav_w_[4 O .
=>UAV=X= [0 0] from the result in (c)

-1
e) (i) Let Xo = [’10 g]. AAA = UZV’VEUUD'V’ = UEEEV

_/10/1‘10]/10_/1010= : y
):):0):—[0 0][ 0o o [0 0]— 0 0] 0 0] X (Thus, X, is the g-inverse of X)
SoAA'A=UZV’ = A

(i) A'AAT = VEUUZV’ VEU’ = VEEEL U’ = A"

(iii) AA" = UZV’VEU’ = UXEU’ = U[(I) g]U’, thus symmetric

(iv) A'A = VZ,U'UZV’ = VEEV’ = V[(I) g]V’, thus symmetric
Thus, A" is the Moore-Penrose generalized inverse for A.

Suppose A is an idempotent matrix, and let A be an eigenvalue of A with corresponding
eigenvector X.

Then AAX = A(AX) = A(AX) = AAX = A%

Also, AAX = AX =X => X = X <> L=0or |

Therefore, all eigenvalues of an idempotent matrix are either 0 or 1.

rank(P) = # of non-zero eigenvalues and P being symmetric means trace(P) = Z\; where
)i are the eigenvalues of P.

Since P is symmetric and idempotent, all eigenvalues are either 0 or 1 from A.53

So rank(P) = trace(P)

a) Since V is symmetric, [V| = IT\; . Its Spectral decomposition is given by V= QAQ’
where Q is orthogonal and A is a diagonal matrix of eigenvalues of V.

So l, +tV =1, + tQAQ’ = QQ’ + tQAQ’ = Q(I,, + tA)Q’

Thus, the diagonal entries of I, + tA are 1 + tA;, which are eigenvalues of 1, +tV.

I, + tV is also symmetric, thus, |I, + tV|=TI(1 + tA;)

b) IT(1 + tA) =1 + tZA; + tzz PRV NIE SO S NI
i#J

=> = A+ 2N + .+ pP gL A

att=0, ;—t =X\ = trace(V) since V is symmetric.



7) Want to show that (A + CC*) (A + CC’) (A + CC’)=(A + CC’)

Note that A*A = AA™ = I since A is non-singular.

Also note that (I + C’AC)  is a generalized inverse of (I + C’AC)

(A+CC’) (A +CC) (A+CC)

{Plugging in the value of (A + CC’)" }

= (A+CCYA-ACI+C’A'C)'C’A A + CC)

{Multiplying the middle term out}

=(A+CCHAA+CC) - (A +CCHA'CH + C’A'CYC’A™ (A + CC?)
{Multiplying the terms between the parentheses}

=(A+CC’)I+A'CC’) - (C+CCA'C)I+C’A'C)(C’ + C’A'CC)
{Distributing out (I + A*CC’) and factoring out the C and C’ terms in the second term}
=(A+CC’)+(A+CC)A'CC)-CA+C’A'O)I+ C’A'CY I+ C’A'O)C’
{Multiplying out second term and using the fact that (I + C’AC)  is a g-inverse}
=(A+CC’) + (CC’ + CC’A'CC) - CcI+ C’A*O)C’

{Factoring out the C and C’ from the second term}
=(A+CC)+CI+CA'C)C’-CO + C’A*O)C’

= (A +CC)

Thus, the generalized inverse of (A + CC’) is A* - A'CI + C’A™C) C’A™.



