Fal 2007 Solution to Midterm Examination STAT 742
Dr. Goel

1. [10 points] For the general linear model Y = Xb +e , with uncorrelated errors having mean
zero and variance s 2, suppose that the design matrix X is ot necessarily of full rank. Let

Y = Xb denote the projection of Y onto the space spanned by the columns of X, where b isany
OL S solution to the normal equations X& b = X% . Find the variance-covariance matrix a ; of

Y. Furthermore show thatTrace(éYA) =s “rank(X).

For the GLM Y =Xb +e, E[e] =0, Covie] = ((cov(e, .¢,))) =s °I , the estimator
Y =Xb =X (X &) X& =PY , where P =X (X ) X¢ isthe orthogonal projection
matrix onto the space spanned by the columns of X, is uniquely defined, even if
the column rank(X) is not full. Now,

&, = Cov(PY) = PCov(Y)P¢=s *PIPC.
However, since P is a symmetric idempotent matrix,

4, =s’PIP¢=s *P*=s °P,

Furthermore, the eigen-values | i =1,2,---, p, of P are either O or 1 [Eigenvalues

of P? are equal to the square of the eigenvalues of P, and P>= Pimplies that
these values must be either O or 1]. Now,

én Var(Y) =tracdd,] =tracds *P] =s “tracelP] =s 25 |, =s “rank(X).

i=1 i=1

2. [50 points] Consider atwo-way ANOV A model
y; =& tt; +e;,1 =12, =12.
The parametersa; andt ; are unknown.

a [5 points] Suppose that the errors% have mean zero, variance s?, and are

uncorrelated. Express these observations into a genera linear model
formY = Xb +e, whereb¢=(a,,a,t,,t,),i.e, define the vector Y and the matrix X,

and the covariance matrix of the error vectore.

Let us stack the data points in the vector Y given by
Y¢: (Yll ’Y12 7Y21 ’Y2)1 and let e¢: (ell ’elZ ’e21’622)’and B: (al’aQ’tl ’tZ)'
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Then the design matrix X= 1
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b. [10 points] Show that for this design, a parametric function ca, + ca, +dt, +d.t,is
estimableif and only if ¢ +c,=d, +d,.
The parametric function 1® = ca, +c,a,+dt, +d,t,isestimable, iff
$avectort suchthat1¢=t&X U (¢, ¢, d, d,)=(t,+t, t,+t, t+t, t,+t,).
Therefore, ¢, + ¢ =t +t, +t, +, =0, +d,.
Now supposethat ¢, + ¢c,=d,+d, holds, thenc, =d, +d, - ¢,. Now
(Cl c d dz):(d1+d2' c, C d dz):(dl' ¢,*tD d,-D ¢-D D)X-

C. [5 points] Consider the parametric functionsa, - a,,t, - t,anda, +a, +t, +t, . Show
that the coefficient vectors in these parametric functions form an orthogonal basis of
the row space of X.

él -1 0 Oy
Note that these functions can be expressed as K 3,where K = go 0O 1 - 13
g 1 1 1§
Easy to check that KK ¢is adiagonal matrix. Hence the rows of K are orthogonal.
61 1 1
Furthermore, rank(K )=3, and X = Eg 11 13K .
261 1 1u
&1 -1 1

Thus, each row of X can be written as linear combinations of rows of K.
Therefore, rows of K form an orthogonal basis of the row space A [XG] .

d. [15points] A g-inverse of the matrix X& for the above mode is given below:
@@ 0 0 Oy
0 4 -2 -2Y

(XK) =€ G

460 -2 3 14

u
-2 1 34
Find the best linear unbiased estimators of three parametric functions in part (C)

above and their variance covariance matrix.

Given ageneralized inverse of X& ,the BLUEsof KRaregiven by

lél 1 -1 -1y
o - _ _1é u
KR=K[XK] XG?’—LY,WhereL—EgL R

g 1 1 19

Note that the three rows of L are orthogonal, and the length of each row vector
equals one. Hence the var-cov matrix of KR=S, . =s ?LL¢=s °l,.



e. [5points] ISY,, the best linear unbiased estimator ofa, +t,? Explain

No, it isnot. Since a, +t, is estimable, therefore its BLUE is unique.
It is easy to check that

(101 0)B=Z(M+¥ Vo Y)? Vi

Note that the variance of the BLUE is 1—%3 2 <Var(Y,).

f. [10 points] Consider a reduced model for this problem under the restriction
a,- a, =0. Find the difference of the ERROR Sum of Squares for the reduced model
and the full mode.

From Part (c) above, (d,-d,) :%(1 1 -1 JYwithVar@,- d,)=s> The

handout on “Optimization of Error SS under Linear Restrictions on parameter vector”
, itisknown for estimable linear restrictions,

Error SS(Reduced model under the restriction a, - a, =0- Error SS(Full model)
=s?(4-4d,)Na(@,- d,)=(@a,- a,)°.

3. [20 points] Assume that the 4dimensional random vector Y follows the model Y, = m+e,

i=1, 2, 3, 4, where the errors have mean zero, and given the scalar ¢, the variance covariance
matrix of eisgiven by

gl ¢ c Oy

é u

o2 £ 10 ca.
& 01 cu

u

8) c c 1y

a) [5points] Find all values of ¢ for whichthe above matrix isa covariance matrix.

For the matrix V above to be a covariance matrix, it must be n.n.d. Thusall its eigen
values must be nornegative. Considering the appropriate 2x2 partitioned matricesin V,

Vot ocf@l cu e owa-l U'éc 00

-1 c 1-14 %0 clsc 1-1H S0 ¢
_|g-1 e 2| 2|62 1 P+c®  2c-1) U = [ > 2c(1- 1)
—e u-C _e 2 Zl,(l- _e 2 X
Ec 1-14 & 2c(-1) (- 1)2+c%g &cl-1) (1-1)

= (1-1)*- 4@ 1 )2 =(1- 1 )3((2- 1)?- 4c?).



Thus the roots of the characteristic polynomial |V - | I|=0are
| =1 (with multiplicity 2) and 1- =2(c|.

Nowl 30 P 1-2/c[20 U |c|£%.
b) [10 points] Find the Gauss Markov estimator mof m based on the vector Y.

Note that for this model the design matrix is 1, acolumn of 1's. Furthermore,
VX =(1+ 2c)1.Therefore, the column space of VX is same as the column space of X.

4

Hence the Gauss Markov estimator of m=OLS of m=X% / XX :%é Y =Y.
1

¢) [5 points] Find the ratio of the variances of m and the OLS of m.

_ + . . .
Now Var(Y) =s Zaffc). Of course, since the two estimators are same, the ratio of

their variances equals 1. Note that for ¢ = - %,Var (Y)=0,and Y = mwith Prob 1.

4. [5 points each] Explain why each of the following statement is True or False. If you make
correct choice, but provide incorrect explanation, you will not receive any credit.

a [True/False] In a general linear model,Y = Xb +e, let x denote the f" column of X,
i=1,2,...p. The parametric function cb, +c,b,is estimableif the vectors { x , i=1,2}
do not belong to the space spanned by the vectors{c,x, - ¢,X,, X;, -+, X}

False, but something close to this holds. Since the vectors (¢, c¢,) and (c, -c) are
orthogonal, one can reparametrize b¢=(b, ,b,,b,,--,b,) by b*¢=(b,,b,,b,, - b))
using b; =cb, +c,b, andb, =c,b, - ¢b,. Now solvefor b,,b, in teems of b;,b,
e, 8@12:%2C1 G 3?1 2. Assume, without loss of generality, that
gbzﬂ G +(§ €, 'Clﬂebzﬂ
¢ +¢ =1, and substitute for b,,b,in the origind model in terms of the b; , b, . Then
first two columns in the design matrix of the reparametrized model are
c X, +¢,X,,6, X, - ¢ X,. Now b, is estimable if the first column of the new matrix,
i.e, ¢ X, +¢,X,does not belong to the space spanned by the last (p-1) columns of the
new matrix, i.e ¢X;+c,X,1 A[c,X,- ¢ X,, X5, -+, X,]. [This was a home work

problem, and discussed in the class] The key is to think of reparametrization. The
problem statement said

b. [True/Fase] If the marginal distribution of X, and X, are norma with means zero
and variance 1, then their joint distribution must be a bivariate normal distribution.



False, since the marginals do not determine the joint distribution.

c. [True/False] In the sample model Y, =b x +e,i =1,2,---,4, with errors{€} having
mean zero, variace s?, and pair-wise correlationsr , the B.L.U.E. of the
. 4 4
parameter b is given by the ratio estimator b = é Yi/é X -
i=1 i=1
In this case, since the X does not contain the column of 1's, the GLS and OLS may be
different, unless r =0. However, since

[@- r)l +r J]"* =¢| +c,J,where c's are non-zero,

XY X =cx&+c,(x&K)? and X ¥ Y =cxb/+c, (x@)(L'y).
Thus, the G-M estimator is given by their ratio. Thisis not
equal to the ratio estimator (1'y)/(x®@).

d. [True/Fasg] Let clY and d® be both BLUE of some parametric function I&b. Then c
and d must be equal.

This is fase if the function Ib.is not estimable, since

&% =1¢XK) X¥ depends on the choice of g-inverse. However, if it is estimable,
the BLUE is unique. Thus ct =d& for all Y and hencec =d.



