
STAT 893: Problem Set #2

Problem 1: (2.14)
From Problem 2.7 (on the last problem set), we know that the eigenvalues of xx

′ are all zero
except for one, which is equal to x

′
x.

Hence,

a) Yes, xx
′

x
′
x

=
(

x

||x||

)(

x

||x||

)′
is symmetric and idempotent because its eigenvalues are 0 and 1.

b) No, in general we cannot claim xx
′ to be idempotent because the eigenvalues are zero and

x
′
x, which is not in general either 0 or 1.

Problem 2: (2.22)

|P′
AP− λI| =|P′

AP − λP
′
P|

=|P′
AP − P

′λIP|
=|P′(A − λI)P|
=|P′||A − λI||P|
=|A− λI||P′||P|
=|A− λI|

So A and P
′
AP have the same eigenvalues. Under our hypothesis, then, they are both idem-

potent. Symmetric is straightforward:

(P′
AP)′ =P

′
A

′(P′)′

=P
′
A

′
P

=P
′
AP

because A is symmetric.

Problem 3: (2.23)
The eigenvalues of A are 4.866, 1.789, and 0.345, all of which are positive, so A is p.d.
Also, the step-wise technique we discussed for decomposing matrices gives
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satisfies A = BB

′.

Problem 4: (2.24)
Note that Jn = 11

′, so its eigenvalues are zero (with multiplicity n-1) and n, again by problem
2.7. Hence, Jn is p.s.d. We know that the identity matrix is p.d. (either from the eigenvalues, or
looking at the quadratic form polynomial, as we did in class). Then, so long as a ∈ (0, 1), (1− a)In

is p.d. and aJn is p.s.d., so their sum is p.d. In the other two cases, we have either just In, which
is p.d., or just Jn, which is not. Hence, (1 − a)In + aJn is p.s.d. for all a ∈ [0, 1).

Problem 5: (2.26)
a) Letting x

′ =
[

x1 x2 · · · xn

]

,

x
′
Ax =

n
∑

i=1

n
∑

j=1

aijxixj

and as a polynomial, it can only be identically zero (that is, zero for all values of xi) if it is the zero
polynomial.

b) Because A is chosen to be symmetric, is has n LIN eigenvectors vi, all non-negative. Specif-
ically, we can write

x = c1v1 + . . . cnvn



So,

x
′
Ax =x

′
A(civi)

=x
′
∑

ciλivi

=
∑

c2

i λiv
′
ivi

=
∑

λici||vi||

which is non-negative, and only zero if the only nonzero ci come for the zero eigenvalues; that is, if
x is in the eigenspace associated with λ = 0. But that would imply that Ax = 0x = 0.


