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Table 2. Design -Point Levels for Designs Marked = in Tables 1 and 3
n Levels
Example With Three Mixture Variables and One Process Variable *

10 0,1,2 4,4,0 6,01
11 0,0 2 4,40 4,4, 2 6,0, 1
12 0,02 3.30 3,32 501 6,6, 2
13 0,0, 2 0,6 2 4,30 5 3 2 6,01 6,6, 2
14 0,01 0,0 2 0,6 2 4,4,0 6,01 6,0 2 6,6, 2
15 0,02 0,5, 2 0,12,1 3,60 6,00 6,0, 2 6,6, 2 7,01

Four-Variable Leaching Experiment Example®
15 1,1,1,0 1,1,2,1 1,211
16 0,111 1,0,1,1 1,112 1,1,21
17 0,211 1,0.1,1 11,01 1,110 21,11
18 0,112 1,1,1,0 11,21 1,211 2011 21,01
19 0,1,1,2 0,121 0211 1,011 1,101 1,1,1,0 21,11
20 0,0 1,1 0,110 0,1,21 1,101 1,1,1,2 1,2,1,1 2011,

2,1, 21

“Common:0,0,0;0,6,1;0,12,0;0,12,2;6,6,1;12,0,0;12,0, 2.
*Fixed: 0,0,0,0;0,0,2,2;0,2,0,2;0,2,2,0;2,0,0,0;2,0,2,2;2,2,0,2;2,2,2,0. Common:1,0,0,2;1,0,2,0;1,2,0,0;1,2,2, 2.

plored: ore grind size, reaction time, sulphuric acid
concentration, and temperature. All of these explana-
tory variables are continuous, but it is convenient in
practice to restrict the experiment to three levels for
each factor, the minimum for estimation of a second-
order model. The levels are

1. Grind size (mm)—.5, 1.0, 1.5

2. Reaction time (hours)}—38, 16, 24

3. Acid concentration (g/litre}—30, 65, 100
4. Temperature (°C)—50, 70, 90

with the lower and upper levels coinciding with the
range of operating conditions of interest.

Although it is convenient to experiment at only
these levels, one usually wishes to estimate the yield at
any set of conditions within the factor ranges. There-
fore, d,,,,, and d,,. are considered over a finer grid with
each explanatory variable at seven recoded levels
—1(1/3)1. Thus the region of interest is approximated
by r =7* = 2401 points. To restrict the design to
three levels, we set the upper-replication constraint in
(3) as u; = 1if x; has all four variables at levels —1, 0,
or 1,and u; = O otherwise (j = 1,..., 2,401).

Similarly, the lower constraints in (3) may be em-
ployed for augmentation. Suppose that observations
have already been taken for a 2*~! experiment: the
eight fixed points in the second part of Table 2. At
these points in the design region we must have at least
one observation in the augmented design, and [ ;in (3)
adopts the value 1/n accordingly. Elsewhere we set

;=0
J

The second-order model in the four explanatory
variables x;, = (X1, - .-, Xgya),

4
E(Yy) = Bo + z B X )s
s=1

i=1,...,n,

4 4
+ 2 X Ba X Xy

s=1t=s
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had 15 parameters. We consider augmented designs of
n =15, ..., 20 observations. Ten attempts were made
with the D and V excursion criteria for each n; G
optimality was also applied 10 times for n = 15 and 16
but only five times forn = 17, ..., 20.

The properties of selected designs are presented in
Table 3. As in the first example, the cataloged designs
show little variation in {det(M ~!)}'** but this time
there are only modest differences in d,,,,,. The G excur-
sion criterion also fails to achieve the smallest d,,, for
n =16 and n = 18, though the difference is marginal
in the latter instance.

Table 3. Design Properties for the Four - Variable
Leaching Experiment Example

n Criterion  d,,, e {det (M~ 1)}1h Amax
15 v 30.0 156.8 2.36 20.3*
D,G 30.0 19.0 2.36 344
16 v 27.2 13.7 2.36 17.7*
G 28.0 143 242 181
D 30.8 17.3 233 30.8
17 G 27.2 14.4 2.37 193
v 28.0 131 2.35 18.8*
D 29.5 135 2.30 211
v 66.0 13.0 240 121
18 D 247 129 2.28 19.6
G 25.2 13.0 2.29 19.9
D 26.0 141 2.26 221
v 26.1 11.6 2.28 11.7*
19 G 243 12.7 2.29 20.6
v 253 11.2 2.31 10.2*
D 255 13.6 227 240
D 26.7 121 224 129
D 27.9 14.3 2.23 231
20 G 251 12.8 2.29 18.1
v 271 11.0 2.29 12.1*
D 278 141 223 271
D 28.0 123 2.23 135
v 304 1.3 2.41 10.6
D 31.9 14.6 2.20 224

* Compromise among the various criteria.
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Turning to d,,. and 4,,, the V criterion is superior
in all cases, with particularly large improvements rela-
tive to D optimality for n = 15, 16, and 18. The satu-
rated case n = 15 is of interest in that the three excur-
sion criteria produce designs with the same d,,, and
(det(M ~ 1)} V¥, yet D and G happen to choose a design
with 20% larger d,,. and 70% larger A,,, than the
V-optimal design.

For all six values of n, the V-optimal designs with
asterisks in Table 3 offer a reasonable compromise
among the various criteria. Their design points may
be found in Table 2. The 15-point design, for instance,
is made up of the eight points fixed by prior experi-
mentation, four points commonly chosen, and the
three further points particular to n = 15. The levels 0,
1, and 2 correspond to recoded values — 1,0, and 1.

Mean execution times per attempt on an IBM 3081
computer were 5.6, 7.3, and 31.1 seconds for D, V, and
G optimality. The D and V averages are based on 60
attempts and the G average on 40 tries. G optimality is
much more expensive in this example partly because it
considers and, therefore, updates the response-
estimator variances throughout the 2,401-point grid.
D and V optimality only update their working arrays
over the restricted 81-point grid. For V optimality, all
of the 2,401 points are involved in the summation that
initializes A(p) in (13), but the quadratic forms a(x;, p)
are only required for potential design points x; in the
restricted set.

4. CONCLUSIONS

D optimality has received more attention in the
design literature than any other optimality criterion.
Yet the foregoing examples (and others not reported
here) show that D optimality may exploit improve-
ments in {det(M ~')}'* that are of little practical sig-
nificance. These improvements may be at appreciable
expense to other criteria, at least for small, near-
saturated designs. Ironically DETMAX can be too
successful in finding D-optimal designs: If it produced
a comprehensive range of suboptimal designs, we
might find one with better all-round performance.

Nevertheless, the excursion in DETMAX is a
powerful heuristic. Where the objective is response
estimation, the G and V variants may produce im-
provements in d,,, and d,,. large enough to be practi-
cally worthwhile. It has been shown that these criteria
sometimes generate designs that also achieve substan-
tially smaller values of 4,,,,. Whatever the objective—
in practice most experiments have multiple
objectives—criterion-robust designs are preferred. By
trying a number of excursion criteria, one is more
likely to find such a robust design.

Part of D optimality’s popularity stems from com-
putational convenience. Attention to efficient updat-
ing and other computational details, however, makes

the time penalty of the G and V criteria more accept-
able. An analysis of the computer operations involved
suggests that V optimality will be about twice as
expensive as D optimality. The corresponding ratio
for G optimality is less clear in general, but the noted
examples required from two to six times the compu-
tational effort for D optimality. The implemented al-
gorithms have been applied to unrestricted design
regions of up to about 1,000 points.

The approach adopted here is to specify the design
region by a finite set of points. This affords flexibility
to restrict the design to convenient levels of the ex-
planatory variables or to approximate continuous
variables by finer grids. Such an approach will become
computationally cumbersome, though, for a large
number of continuous variables.

A FORTRAN listing of the Algorithms for the
Construction of Experimental Designs (ACED) com-
puter package is available from the author. Version
1.5.1 implements all of the facilities described here.
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