Statistics 528 - Lecture 8

Section 2.3: Regression

Idea: If thereisaknown linear relationship between two variables x and
y (given by the correlation, r), we want to predict what y might be if
we know x. The stronger the correlation, the more confident we arein
our estimate of y for agiven x.

Simple Linear Regression - fitting a straight line to the data
(mathematical model for the linear relationship b/t two variables)

y=a+bx
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Example: The police want to put out a description of a robbery suspect
and they know the shoe size of the suspect from footprints left at the
scene of the crime. Their guess at the robber’s height may be
improved by using his shoe size.
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Goals of Regression M odeling:

Prediction - Use the regression line to predict the response y for a
specific value of the explanatory variable x.

Explanation - Use the regression line to explain the association
between the x and y variables.
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Extrapolation: The use of aregression line for prediction far outside the
range of values of the explanatory variableis call extrapolation. Such
predictions are often inaccur ate.

Predicted height

9.4

Mean hight in centimeters)
8

T T 70 322 24 3 2 30 32
‘Age (in months)

Statistics 528 - Lecture 8 4
Prof. Kate Calder

L east-Squares Regression

Which Line? If pointsin a scatterplot are widely scattered, how do we know
where to draw theregression line. No linewill pass through all the points, but
we want a linethat is close as possible to the points.

L east Squar es Regression:
Makes prediction errors as small as possible by choosing the line that is as
close as possible to the points in the vertical direction.

Residuals (errors) are the vertical distances between they values we observe
and they values predicted by the regression line:

residual; = observed y, - predicted y; =y, - §
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The least-squares regression line is the line that makes the sum of
squares of the vertical distances of the data points from the line as
small as possible.

Choose aand b to minimize

(residual )= (y,- %)°= (v, -a-bx)’
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Findingaand b
1. Using summary statistics of thedata: § = a + bx where

sope=b=r(s/s)

intercept=a=y - bx

2. Using MINITAB: next class
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« Theleast squares line passes through the point (x, ).

« Interpreting the slope of the least-squaresregression line: A
change of one standard deviation in x corresponds to a change of r
standard deviationsin y.

— When the variables are perfectly correlated (r = 1 or r = -1), the
change in predicted response is the same (in standard deviation
units) as the changein x.

— Asthe correlation b/t the variables becomes smaller, the prediction
does not respond to changesin x as much.

Example: Karen wondersif tall women tend to date tall men and vice
versa. She measures herself, her roommate, and some other friends.
Then she obtains the height of the next man each woman dates.
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The summary statistics are:
Women Men
Mean 65.5 69

Standard deviation 1.05 253

correlation (r) 0.69

« Calculate the least-squares regression line for predicting the date’s
height given awoman’s height and plot it.
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« Slope: s 2 53
b=r=-Y=(0.69)"""=1.66
S, 1.05
* Intercept:

a=y-bx=69- (1.66" 65.5) =-39.73
« Least-squares regression line:

dateheight = - 39.73+1.66(womanheight)
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* Predict the height of the date of awoman who is 67" tall.
dateheight =-39.73+1.66(67) = 71.49

* What istheresidual for the observation of the woman who
is67" tall?

Recall, residual =y — = (observed y —predicted y).
We observed y to be 71, and we predicted y to be 71.49, so the residual
is-0.49.
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Facts about L east-Squar es Regression

1. Thedistinction between the explanatory and response variable is
important! A different regression line will result if we switch x and y.
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2. Thereis aglose connection between correlation and slope. Recall,
slope=r1 —
Sx

Since standard deviations are always positive, the sign of the slope and
the sign of the correlation will always be the same.

3. Theresiduals aways add up to zero (due to the math of regression).
This means the average of the residuals will always be zero too.

Correlation and r?

How successful is the regression line in explaining the
response?

The square of the correlation, r, is the proportion of the variability of
the y values explained by the |east-squares regression of y on x. r?
values are between zero and one.

In Chapter 1 we measured the variability in y using the variance and
the standard deviation. These measures account for the distance
between each y observation and the mean of the y observations.
Residuals measure the distance between each y observation and the
regression line. A high r2 value means the residuals are much smaller
than the distances to the mean.
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* r2=correlation squared

* Meaning of “fraction of the variation explained”:
r2 = (variance of the predicted y's)/(variance of the observed y's)
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Question: Suppose we have a perfect linear relationship. What is ?
What isr2?

If we have a perfect linear relationship, the correlation between x and y
isequal to +1 and the points all fall exactly on a straight line.

Then =y. Thatis, our observations and predictions are the same.
r2will be equal to 1.
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Question: Suppose we have absolutely no linear relationship. Whatis ?
What isr??

If we have no linear relationship, the correlation is zero, and so the
slope of the regression lineis zero (itisaflat horizontal line). The
intercept isy.

Our prediction  will be equal to the mean of they's.

r2will be equal to zero (correlation squared).
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Question: The correlation between the heights of the men and women in
the “height data” isr = 0.69. What isr2?

r2 =(0.69)2=0.4761
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Question: Suppose we have the regression equation
=03+ (-1.2)xand r2=0.25. Whatisr?

« The square root of 0.25 could be 0.5 or -0.5.

« Recall, the correlation and the slope of the regression line always have
the same sign. Since b = -1.2, we know the correlation r = -0.5.
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