Statistics 528 - Lecture 5

Section 1.3 cont.

Normal Distributions

« All normal distributions have the same shape - symmetric, unimodal,
bell-shaped

« The mean () and standard deviation (s) completely specify a normal
density curve.

« Themean (n) isthe center of the curve.
Note: mean = median (since the normal density curve is symmetric)
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« The standard deviation (s) is the point at which the curve changes
from falling more steeply to falling less steeply (point at which the
curvature changes)
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Two normal curves
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Why the normal curve?

1. Good distribution for summarizing real data
- exam scores
- repeated measurements
- characteristics of biological populations
2. Good approximation to chance outcomes
- tossing coins
3. Statistical Inference (Central Limit Theorem)

HOWEVER, not all dataisnormal! Always do EDA before using the
normal distribution.
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Relative Freguencies

68-95-99.7 Percent Rule

For anormal distribution with mean mand standard deviation s,

« approximately 68% of the observations fall within s of them
« approximately 95% of the observations fall within 2s of them
« approximately 99.7% of the observations fall within 3s of m

Alternative to integrating,
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Example: 1Q scores of peoplein the age group 20 to 34 are approximately
normally distributed with mean 110 and standard deviation 25.

35 60 85110 135 160 185

Use 68-95-99.7 rule to answer the following questions:
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About what percent of peoplein this age group have scores above
135?

— 135is1 standard deviation above the mean.

— Thetailsto theright of 135 and to the |eft of 85 make up
100%-68% = 32% of the curve.

— Thetail areato the right of 135 therefore is 32/2 = 16% of the
curve.
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In what range do the middle 95% of all scoreslie?

— Theruletells us that the middle 95% fall within 2 standard
deviations from the mean, so the middle 95% of all scoreslie
between 60 and 160.
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About what percent have scor es above 160?

— 160 is 2 standard deviations away from the mean.

— 95% of the observations are between 60 and 160, so 5% of the
scores are outside this interval.

— By symmetry, 2.5% of the individual's score above 160.
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Question: What if the percents we are interested in cannot be expressed in
terms of 68, 95 or 99.7%? For example, what percent of peoplein the
20 to 35 age group have |Q scores above 100?

Solution 1: The “Standard Normal Table” - Table A in the textbook.
— The Standard Normal Dist.
has mean 0 and standard
deviation 1.
— TableA givesthe areas under
the standard normal curve.
— Thetableentry for each valuezis
the area under the curveto the left of z.
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What if you want aright-hand area or an interval?
—Use the symmetry of the normal density curve.
—Use the fact that the total area under the curve is 1 (or 100%).

Exercises:
1. Find the areato the right 1.77 under the N(0,1) curve.

2. Find the area between -2.25 and 1.77 under the N(0,1) curve.
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Solution 1: Standard Normal Table (must know how to use)

Solution 2: Use MINITAB or acalculator (some calculators have this
function)

— use Cumulative Probability to find the area to the left of x under
the N(ms) curve.

— useInverse Cumulative Probability to find the value x such that
acertain area under the curve isto the left of x.

**allows you to specify the mean and standard deviation
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Question: How do we find areas under any given N(ms) distribution
using the Standard Normal Table?

Any N(ms) distribution can be converted to the N(0,1) distribution by
standardizing.

If x ~N(ms) and z = z-score = (x-n)/s, then z ~N(0,1).

So, if we want to find the area left of x under the N(ms) density curve,
we can calculate z = (x-n)/s and find the area to the | eft of z under the
N(0,1) curve.
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Example: Grades on an exam averaged 81 with a standard deviation of 6,
and can be approximated by the normal curve. What percent of
students scored below 75?

Plan:
— Draw apicture of what the area we need
— Compute a z-score for Xx=75
— UseTable A tofind the area corresponding to the z-score
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« Draw apicture

Statistics 528 - Lecture 5 15
Professor Kate Calder

« Compute a z-score

Z_x— n _75-81_
S 6

-10
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e Lookup-1.00inTable A
* Theareaunder the standard normal to the left of -1.00 is 0.1587.

* Answer: Approximately 15.9 percent of the students scored below 75.

Statistics 528 - Lecture 5 17
Professor Kate Calder

Checking the Nor mality of Data => Nor mal Quantile Plots

1. Arrange the observed data from smallest to largest and record the
percentile of the data each value occupies. For example, the smallest
observation in aset of 20 is the 5% quantile, the second isthe 10%, ...

2. Calculate the same quantiles of the standard normal distribution.
z=-1.645 is the 5% quantile, z = -1.282 is the 10% quantile,...

3. Plot each data point against the corresponding N(0,1) quantile. If the
data distribution is close to standard normal, the plotted points will lie
close to a45-degree lineline. If the data distribution is close to any
normal distribution, the plotted points will lie close to some straight
line.
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Data are close to normal
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Data are Not Normal (Right-Skewed)
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