Statistics 528 - Lecture 21

Statistical Inference

Idea: Estimate parameters of the population distribution using data.

How: Use the sampling distribution of sample statistics and methods
based on “what would happen if we used this inference procedure
many times.”

1. Confidence Intervals
2. Hypothesis Tests

Note: Be sure that you understand the meaning of these procedure in
addition to being able to use them.
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Confidence Intervals

Idea: We use asample statistic to estimate a population parameter (e.g.
use x toestimate ). A confidenceinterval tellsus how confident we
areinour estimate. A confidence interval will have the form:

estimate +/- margin of error

**The smaller the margin or error, the higher our confidence in our
estimate.
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Example: Assume that the sampling distribution of x isN( , 4.5). x
lieswithin +/- 9 of in 95% of all samples, so  also lineswithin +/- 9
of x inthose samples.
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=>1n95% of samples, x -9< < x+9. Wesaythat( x-9, x +9) isa
95% confidence interval for

Requirements of a Confidence Interval for an Unknown Parameter:

1. aninterval of the form (a, b), where aand b are numbers computed
from the data

2. aconfidence level that give the probability that the interval covers
the parameter. Usually, confidence levels are 90% or 95%.
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Definition of a Confidence Interval: A level C confidence interval for a
parameter is an interval computed from sample data by a method that
has probability C of producing an interval containing the true value of
the parameter.

Note: Thefollowing statement isINCORRECT -

The probability that the unknown parameter is contained within a
level C confidenceinterval isC.

Why?

Statistics 528 - Lecture 21 5
Prof. Kate Calder

Statistics 528 - Lecture 21 6
Prof. Kate Calder




Statistics 528 - Lecture 21

Confidence Intervalsfor the Population M ean
Recall: x isapproximately N(ms/ﬁl) by the Central Limit Theorem.
To construct alevel C confidence interval for (assuming weknow ) :

* Let z* bethe point such that the area under the N(0,1) curve between
z* and -z* isC.

Statistics 528 - Lecture 21
Prof. Kate Calder

Statistics 528 - Lecture 21
Prof. Kate Calder




Statistics 528 - Lecture 21

Notice that any normal curve has probability C between the points z*
standard deviations below the mean and z* standard deviations above
the mean. Why?

So thereis probability C that x lies between

S s
m- z*— and m+z*T
n

Vn
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Thisisthe same as saying that 95% percent of the time (in repeated
sampling from the population with mean and standard deviation )
will lie between

— s - s
x- zx—— andx+z*——

7 7

=> Thisisour level C confidenceinterval for , i.e. our estimate of
isx and our margin of error is z*s IVn .
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The most commonly used confidence levels are

C 90% 95% 99%
z* 1.645 1.96 2.576

z* for other confidence levels can be found similarly from the Normal
Table (Table A) , from the bottom row of Table D (t distribution
critical values) or using Minitab.
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Example: Scoreson atest of quantitative skills range from 0 to 500. A
simple random sample of 840 men aged 21 to 25 took the exam. Their
average score was x =272. Suppose we know that the population
standard deviation for thistest, s, isegual to 60. What can we say
about the population mean score, m of al 9.5 million menin this age
group?

a) Find a90% confidence interval for the mean test score.
The equation for a confidence interval is

272 +1.645 60\/% =272 +3.4=268.6t0 275 .4
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b) Find a99% confidence interval for the mean test score.

272+ 2576 60 ea0 © 272 +5.3=266.7t0 277.3

¢) Find an 80% confidence interval for the mean test score.

272+1.282 % =272+2.7=269.3t0 274.7
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M eaning of Confidence

Note: Wedon't know if any of the above confidence intervals contain m
or not! Then what do we mean by confidence?

The meaning of “ Confidence”: When we say “95% confident,” we mean
that if you use 95% confidence intervals often, in the long run 95% of
your intervals will contain the true value of
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Our confidenceisin the process, not in any one specific interval.

Remember that probability (chance) is associated only with arandom
phenomenon. After you have constructed a confidence interval from a
random sample, there is no randomness left it. Hence it doesn’t make
sense to attach any probability statement to a specific (numerical)
confidence interval.
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Behavior of Confidence Intervals

Question: What happens to the margin of error when sample size
increases? Does it increase, decrease, or stay the same?

Answer: Decreases, since the sample size nisin the denominator.

Question: How does this affect the size of the resulting confidence
interval?
Answer: Larger sample sizes give us a narrower (smaller) interval.
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Question: What happens to the size of the confidence interval aswe
decrease the confidence level C? (Hint: what happens to the value of
z?)

Answer: AsC decreases, z* decreases. Thisgivesusasmaller
margin of error and asmaller interval.

Notethe tradeoff: We would like to have a smaller margin of error
(narrower interval) as well as high confidence, but the interval gets
wider as our confidence gets higher.
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Question: How does the size of s affect the margin of error?

Answer: As getssmaller, the margin of error gets smaller, and the
interval becomes narrower.
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Thus we have 3 ways of reducing the width of the confidence interval:

1) Increasethe samplesize, n
2) Decrease the confidence level, C
3) Decrease the standard deviation,
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Choosing the Sample Size

*  We saw that we can have a high degree of confidence aswell asa
small margin of error by using alarge sample size.

e Usually researchers will have adesired confidence level and margin of
error they want to attain.

» S0 one aspect of designing any study is to decide the number of
observations needed.
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Let mrepresent the desired margin of error. Recall the formula of margin

of error:
m=z* 7
Jn

zZ* s
m

Solving for n we get:

**%%x Always round your answer up!l*x***
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Example: Suppose the GSA at the Ohio State wants to estimate the mean
monthly income of OSU graduate students within $100 with 95%
confidence. How many students should the GSA sample? Assume that
the standard deviation of incomes of OSU graduate students is $421.
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The formulawe need to useis

n=

m

z* for 95% confidence is 1.96, m= $100, and =421, so we get

, 2
n= 2% 421 _ 4809
100

=> The GSA should sample 69 students.
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