Statistics 528 - Lecture 16

Continuous Random Variables

Assigning Probabilities to I nfinite Sample Spaces

Consider the random variable X representing the weight you gained in the
last month. What are the possible values that X can take?

=> there are infinite number of values

« X isacontinuous random variable (takes valuesin an interval of
numbers)
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* How can we assign probabilities to events suchas{1 < X < 3} ?

« Itisnot possible to count the total number of outcomes that make up
this event and add their probabilities because there are too many (an
infinite number of) possible outcomes.

* We use another way of assigning probabilities to the intervals of
outcomes like the above — use areas under the density curves.

The probability distribution of X is described by a density curve.
The probability of any event is the area under the density curve above
the values of X that make up the event.

Recall density curvesfrom the chapter 1:

« Thetotal areaunder the curveis 1 and the curve always falls on or
above the x-axis.

« The areaunder adensity curve in any given range of values (interval)
gives the proportion of observationsthat fall in that range. We assign
this proportion as the probability of observing an outcome in that
range.
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Example: Normal Distribution
Suppose the scores of students on the ACT college entrance exam had
the normal distribution with mean 18.6 and standard deviation 5.9. Let
X represent ACT score. What is the probability that a student’'s ACT
score fell between 20 and 25?

20<X<25) = P 20 - 18.6 < X -18.6 < 25-18.6
R )= 5.9 5.9 5.9

=P(0.24 <z<1.08)
=0.8599 - 0.5948 = 0.2651
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Example: Uniform Distribution

Core Circulator runs every 5 minutes. Suppose you are waiting for this
bus at the Mirror Lake. Y our waiting time X is arandom variable that
can vary from0to 5.

The density curve of X then looks like
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a) What is the height of the above density curve?

We know the total area under the curveis 1, and the length of the
rectangleis 5, so the height must be 1/5 = 0.2.

Find the following probabilities:

b) Probability that you will wait less than or equal to 1 minute
-P(X 1)
Areaunder curveto theleft of 1is
Length x height =1x 0.2=0.2

c) Probability that you will wait more than 3 minutes - P(X > 3)
Areaunder the curve to theright of 3 is
2x02=04
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d) Probability that you will wait three minutes or more.
P(X 3)=2x02=04
Thisisthe same answer asin part c. Recall the areaof alineis zero,
so for continuous distributions it doesn’t matter if we use>or .

€) Probability that you will wait less than or equal to 1 minute or more
than 3 minutes.

P(X 1lorX>3)
Usethe additionrule: 0.2+0.4=0.6

Statistics 528 - Lecture 16 8
Prof. Kate Calder

The Mean of a Random Variable

The mean of arandom variable X is the mean of its probability
distribution, .

— Itisthe long-run average value of X.
— Sometimes  isnot apossible value of X.
— Sometimes , isreferred to as the expected value of X.
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Mean of a Discrete Random Variable
Suppose that X is a discrete random variable whose distribution is

Valueof X | X3 X, X3 v X
Probability P P Psot B

To find the mean of X, multiply each possible value by its probability,
then add all the products:

«
X T XqPy Xy oKD= Xpy
=1
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Example: Free-Throw (Lecture 16)

What is the mean or expected number of shots made by a 58% shooter
who shoots three shots?

The probability distribution for X (number of shots made):
X P(X=x)

0.08
0.1+0.1+0.1=0.3
0.14+0.14+0.14 = 0.42
0.2
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Using the formula for the mean of a discrete random variable:

« =0P(X = 0) + 1 P(X=1) + 2 P(X=2) + 3 P(X=3)
= (0)(0.08) + (1)(0.3) + (2)(0.42) + (3)(0.2)
=174
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Mean of a Continuous Random Variable

The mean of a continuous random variable is the mean of its
distribution - it is the point at which the area under its density curve
would balance if it were made out of solid material.
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In practice, we do not know . We use the sample mean (X ) to
estimate it. How good is the estimate?

The Law of Large Numbers
Draw independent observations at random from any population with
finitemean . Decide how accurately you would like to estimate .
Asthe number of observations increases, the meanX  of the observed
values eventually approaches the mean  of the population as closely
as you specified and then stays that way.
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Theideaof the Law of Large Numbersis similar to the way
probability works. In the long run, the proportion of outcomes taking
any value gets close to the probability of that outcome, and the average
outcome gets close to the mean of the distribution of outcomes of the
random phenomena.
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