Statistics 528 - Lecture 14

Probability
Statistical Inference Example: Tossing acoin
Question: How often would this method give the correct answer if | used If the coin is fair (chance of heads = chance of tails) then
it many times?

¢ 1toss- you don't know whether you will get heads or tails

Answer: Uselaws of probability.
« Many tosses - the proportion of tosses where you get heads is close to
50% (IPS Probability Applet)

=> The outcome is predictable, but only in the long run.
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Probability Models

Random: We call a phenomenarandomif individual outcomes are « Now let ustry to model arandom phenomenon.
uncertain but there is a predictable pattern of outcomesin the long run.
« For example, consider tossing afair coin. We don’t know the outcome

Note: Random® Haphazard in advance, but we can say the following:
Possible outcomes: Heads, Tails
Probability: The probability of any outcome of a random phenomenais Probability of each outcome: 0.5, 0.5

the proportion of times the outcome would occur in alarge number of
repetitions.  (probability = long-term relative frequency)

Statistics 528 - Lecture 14 3 Statistics 528 - Lecture 14 4
Prof. Kate Calder Prof. Kate Calder
« A probability model consists of Example: Dice
1. sample space (S) —the set of all possible outcomes « If weroll asix-sided die once, the sample spaceis{1,2,3,4,5,6}. The
probability of getting any of the numbers 1-6 is 1/6 (assuming the dice

2. probability for each outcome
isfair).
« Anevent isan outcome or set of outcomes of a random phenomenon.

Itis asubset of the sample space S. + Some possible events are:

— Weroll an even number {2,4,6}
— Werall afour or higher {4,5,6}
— Werall a2{2}
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Venn Diagrams: Show the sample space S as arectangle with events as
shaded areas.

Examples:
« Events A and B are digjoint if they do not have any outcomesin
common and can never occur simultaneously.
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« The complement of any event A is the event that A does not occur.
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« Theintersection of two events A and B (written AC B) isthe event
that consists of outcomes common to A and B.

Statistics 528 - Lecture 14 9
Prof. Kate Calder

e The union of two events A and B (written AE B) consists of all
events contained in A or B (or both).
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Probability Rules

Notation: P(A) = probability of event A

Rule 1:
The probability of any event A satisfiesO  P(A) 1.

Rule 2:
If Sisthe sample space, then P(S) = 1.
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Rule 3: Complement Rule
The probability of the complement of A is 1 minus the probability of A:
P(A) = 1- P(A).
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Rule 4: Addition Rule
If events A and B are digjoint, then P(A or B) = P(A) + P(B).
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Example: Blood Types

The following is the distribution of the blood type of a randomly chosen
African American:

Blood Type [e) A B AB

Probability 0.48 0.27 0.2
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Question: What is the probability of type AB blood in African
Americans?

One of our rules says P(S)=1. The probabilities of the outcomes must
add up to 1, so P(AB) = 1- 0.48 - 0.27 - 0.2 = 0.05

Statistics 528 - Lecture 14 15
Prof. Kate Calder

Question: What is the probability that a randomly chosen African
American will not have type O blood?

We can use the complement rule—
P(not O) = 1—P(O) = 1- 0.48 = 0.52
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Question: Maria has type B blood. She can safely receive blood
transfusions from people with blood types O and B. What isthe
probability that a randomly chosen African American can donate blood
to Maria?

Type O and Type B are disjoint events, so we can use the
addition rule— P(O or B) = P(O) + P(B) = 0.48 + 0.2 = 0.68
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Independence

Independence: Two events A and B are independent if knowing that one
occurs does not change the probability that the other occurs.

Examples:
1. Tossing acoin
A = {first tossisa head}, B = { second toss is a head}

Question: Are A and B independent?

Answer: Yes, knowing that event A occurs does not change the
probability of event B.

Intuitive??
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2. Drawing cards from a deck of 52 cards (26 red, 26 black)
A = {first card isred}, B = {second card is red}

Question: Are A and B independent?
Answer: No, given that event A occurs, P(B) = 25/51, not 1/2.
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Digjoint vs. Independence

« Two events can be independent even if they are not digjoint.
Example: Coin toss example - events A and B can occur together
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« Addition Rule (for disjoint events)
P(A or B) = P(A) + P(B)
« Multiplication Rule (for independent events)

P(A and B) = P(A) P(B)

Statistics 528 - Lecture 14 21
Prof. Kate Calder

Example:

Government data show that 27% of employed people have at |east 4
years of college and that 14% of employed people work as laborers or
operators of machines or vehicles. Can you conclude that because
(0.27)(0.14) = 0.038 that about 3.8% of employed people are college-
educated |aborers or operators?
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Example:

A string of holiday lights contains 20 lights. The lights are wired in
series, so that if any light fails the whole string will go dark. Each
light has probability 0.02 of failing during a 3-year period. The lights
fail independently of each other. What is the probability that the string
of lights not break in a 3-year period?
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