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Let T = (s1,…,st) be a time series of observations in F n. 

Problem: Find a PDS H : F n F n such that H(si) = si+1 and

H models as closely as possible

1. the “ real” connectivity relations

2. the “ real” dynamics

F = a finite set of states (integers) 

x = (x1,…,xn) variables

If F is a field, then hi(x) is a polynomial.

FDS � PDS (polynomial dynamical system)

n-dimensional FDS

H = (h1,…,hn) : F
n F n

hi (x) : F n F is a transition function for xi .
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Discretization � � � � � ���


 � �
Optimization

H = (h1, h2, h3)

h1 = – x3
2 – x1+ x3

h2 = x3
2 – x3 + 1

h3 = – x3
2 – x1 – 1

* �� � � 	 �	 �- � ( 	 ��
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x1

1
2
2
0
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x1

x3

x2
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J. Theor. Biol. 2004
A computational 

algebra approach to the 
reverse engineering of 

gene regulatory 
networks

Laubenbacher and Stigler
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y3 x2 > x4x2 y3 > x4graded

x4 > x2 y3

x > y

y3 x2 > x4lex

y > x



� � 
 � � �� �� � ��� � � �

0 �ö%
 	 � �� � � 	 �

G := { g1,…,gm}  � I is a Gröbner basis for I
if the leading term of  f ���� I is divisible by 
the leading term of some gi under >.

The normal form of h with respect to G 
NF(h, G) := the remainder of h on division by G.
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Let > be a term order, I an ideal in F[x1,…,xn], and h a polynomial. 
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Input: T = (s1,…,st) time series in F n; a term order.
Output:  H = a minimal PDS 
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1. Find one particular solution H 0 = (h1,…,hn)  with H 0(si) = si+1.

2. Construct ideal of vanishing functions I =  < g(x): g(si) = 0 >.

Model space: H 0 + I := { (h1,…,hn) + (g1,…,gn) }.

3. Select PDS H = (h1,…,hn) with hi = NF(hi , GB(I )).

0           0

0            0

0
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Time
1
2
3
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x3
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1.01

x2
1.30
1.12
1.11
1.46
1.48

x1
1.61
1.70
1.72
1.50
1.51

Input

Time series data

Step 1

Discretize to F3

Submitted 2005

Discretization of time 
series data

E. Dimitrova et al.
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0 2 2
1 1 3 1 1 3

0 2 2
2 1 3 1 1 3 1

0 2 2
3 1 3 1 1 3 1

1

1

f x x x x x

f x x x x x x

f x x x x x x

= - +

= - + - - +

= - - - + +

I  = < x1+x2-1,  x2x3-x3
2+x2-x1,  x2

2-x3
2+x2-x3 >

= < x1 – si1,…, xn – sin >

Step 2

Step 3

Step 4

f1 = NF(f10 ,GB(I )) = – x3
2 + x3

f2 = NF(f20 ,GB(I )) = x3
2 – x3 + 1

f3 = NF(f30 ,GB(I )) = – x3
2 + x2 + 1

Requires a term order:
grevlex with x1 > x2 > x3
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J. Theor. Biol. 2003

The topology of the 
regulatory interactions 
predicts the expression 
pattern of the segment 

polarity genes in 
Drosophila melanogaster

Albert and Othmer
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